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LOI MG DAL

Hoc todn déi véi hoc sinh va sinh vién luén luon cé hai phan : phdn
IX thuyét va phdn bai tdp. Phdn bai tdp ¢6 nhiéu myc dich : 1) giip ta
ndam vimg hom cdc khdi niém va dinh I¥ dua ra trong Iy thuyét ; 2) tim
dén nhitmg két qud sdau hom ma Iy thuyst khong du thi gio dé cdp i ;
3) qua viéc 1am nhiéu bai tdp, ta ndm dioc 1Y thuvét nhwdn nhuyén hon,
dé tir dé c6 nhiéu khd ndng img dung vado nhiéu lanh vuc khdc ciing
trong todn hay trong nhimg mén khoa hoc khdic... Pidéu ma sinh vién cdn
chii v la phdi hoc 1y thuyél cho kv tricic da, réi man lam bai tdp ; théi
quen khong hoc hay hoc qua lou 1N thuyét, ninmg da cam ddu vao lam
bai tip & trung hoc, dnh hitong khong 16t cho viée hoc todn cia sinh vién
o bee dai hoc.

Cuon bai 14p nay gidp sinh vién lim cdc hai tdp dua trén cuén “Todn
cuo vdp (A,), Phdn dai s6 tuyén tinh”, gido trinh danh cho cic truomg
Cuo ddng su pham cha Nguvén Duv Thudn. Trong mdi chuong (theo
diing cuon sdch trén), ching toi truce hét 16m tdt 15 thuyét cta chuong
dé, sau dé gidi tudn (e cde bai tap trong chitong ninmg bo di nhig bai
ttomg s, va bo sung thém mot x6 bai tip dé dap img véu cdu dé ra ¢
1rén. Cuon sdch ndy giup cde sinh vién hoc mén di s6'tuyén tinh d hdc
cuo ddng, dai hov, va ciing giip cho sinh vién chudn bi thi vao bdc suu
dui hoc, chit khéng thudn tiy cho sinh vién hoc Cao ddng Su pham.

Chiing t6i xin nhdc lai diéu dd néi & trén : muén lam bai tdp 161,
truée hét sinh vién phdi nam ky Iy thuyét dd, va cudn bai tdp chi giup
sinh vién khoi déng thoi, khi bo ndao da chay 16t réi thi hdy gdp sach lai
val hdt tri ndo lam viéc dée Lip. Chiie cdc ban lam bai tot.

Ha Noi, ngay 14 thdng & ndm 1999
Cac téc gla :
HOANG XUAN SINH VA TRAN PHUONG DUNG



Chuong 0
SO LUGC VE KHAI NIEM NHOM, VANH, TRUONG

§1. TOM TAT LY THUYET

Cb thé néi 1x ti€u hoc dén trung hoc, ngudi ta 1am toan chi yéu trén
nhimg s6. C6 nhimg tinh chit dac biét quan trong nhir tinh giao hodn,
tinh két hop cia phép cong va phép nhan nhimg s6 di duoc day tir nhing

.nam d4u cua 1iéu hoc, i céc tinh chét d6 1am cho viéc tinh todn don gian
hon nhiéu. San nay khi 1am todn & bac dai hoc, ngudi ta lam todn trén
nhiing d6i tuong khong phai la s6 nita, nhung ngudi ta lai gip lai nhing
tinh chit di thiy trong phép cong hay phép nhan nhing s6, va chinh do
céc tinh chat gap lai d6 ngudi ta di thay rang diu gi ma phép cong hay
phép nhan nhimg s8 c¢6 thi ciing xay ra déi véi nhimg d6i tuong dang
xét. Tir 46 méi hinh thanh khéi niém cdu tric dai s& trong todn cia th&
ky 20. Chéng han, ta xét mot tap hop trén dé c6 mot phép todn, ma ta dat
tén 1a “phép cong” tuy tap hop d6 ching c6 lién quan gi dén cic con s6
ca ; néu phép cong dang xét cé tinh chat két hop thi ta bio tap hop cung
v6i phép cong d6 1ap thinh mét ciu tric dai s6 ma dudi day ta sé thiy néd
dugc goi 1a nira nhém, néu né c¢6 thém tinh giao hodn thi ta blo ta cé
mot nira nhém giao hodn.

Dé cho tién viéc ky hiéu, cic phép todn trén mét tap hgp duoc ky
hiéu bing dau + (lic d6 goi la phép cong) hay bang diu x (hic d6 goi 13
phép nhan) thudmg duge thay bing d4u ., ma sau d6 ngudi ta bd di ;
chang han a x b duoc viét 12 a . b vi cu6i cling 1a ab, nhu thé nhanh gon.

1.1. Dinh nghia nita nhém
Gia sir X 12 mot tap hop c6 mot phép toin ky hiéu nhan.



X ctung v6i phép nhan 13 mot mae nhém n€u phép nhan c6 tinh két
hop, nghia la x(yz) = (xy)z, vl moi x, Y, zeX.

Néu phép nhan con ¢6 tinh chdt giao hodn, nghia la xy = yx, vdi moi
X,y € X, thi X la mot puita nhom giao hodn.

Nita nhém X £0i 12 mot vi nhém néu cé mot phén tir e € X sao cho
ex = xe = X, v4i moi x € X. Ta goi ¢ ta phdn tir don vi cba vi nhém. Néu
phép todn c6 thém tinh chit giao hodn, ta cé mot vi nhom giao hodn.

1.2, Pinh nghia nhém

Mot vi nhém X goi 12 mot nhém néu véi moi phdn nr x € X, t0n tai
mot phin tr x> € X sao cho x'x = xx’ = ¢ (ngudi ta chimg minh duoe
rang x* 12 duy nhdt va ky hiéu nd bing x', goi 1a nghich ddo cua x).
Nhém X goi 1a ahen hay giao hodn n€u phép todn cé théin tinh
giao hodn.

Néu phép todn cia nhém X duge ky hicu bing dfu cong, thi phin ti
¢ khong goi 12 phin tir don vi nira, ma goi la phdn ue khdng va ky hiéu 1a
0 (tuong tu nhur ky hiéu cia s8 0) ; vit phin tr nghich ddo ciia mét phan
(r X sé goi 14 déi cida x va ky hiéu 13 -x.

1.3. Pinh nghia vanh

Gia sir X 1a mot tap hop ¢6 hai phép toan cong va nhan.

X cling v6i hai phép todn da 1a mot vanh néu :

1) X cung v6i phép cong 1a mot nhém gi;.\o hoén ;

2) X clung v3i phép nhan 13 mot nira nhom ;

3) phép nhdn phdan phéi doi vai phép cong, nghia 13

X(Yy +2) =Xy + Xz
Y+2)x=yx +2x
vl moi X, y,z € X.

Néu phép nhan ¢6 thém tinh chil giao hodn thi ta bao X 1a mé6t vanh

giao hodn. Néu phép nhan co phin tir don vi thi ta bao X 1la mot vanh c6
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don vi. NEu phép nhan vira giao hodn vira ¢ don vi thi ta bao X 1a mot
vanh giao hodn c6 don vi.

1.4. Pinh nghia truing
Gia sir X 12 m6t tap hgp <6 hai phép tosn cdng va nhin.
X cung véi hai phép toan dd 1a moét truong néu :
{) X 1a mot vanh giao hodn c6 don vi ;

2) moi x # 0 thudc X co nghich d3o, nghia 1a néu ta dat X™ = X - {0}
thi X [2 mot nhém giao hodn d6i véi phép nhan.

§2. BAI TAP

1. Xét tap hgp céc s6 phic
C={a+bila, b € R}
véi phép cong
(a+bdy+(c+diy=a+c+ (b+d),
va phép nhan
(a + bi)(c + di) = ac - bd + (ad + beh.

Ray gio ta hdy chimg minh C cing véi hai phép toan trén 13 mét
trudng. TruGe hét ta nhan xét cde s6 thue a la nhimg s§ phife ¢6 phin ao
biing 0 : a = a + O, va d& cOng hay nhan hai s6 phic véi nhau ta cif 1am
hinh thudng nhur d6i V4i cic biéu (hic dai s6 chifa i, nhumg chi y 13 1* = -1,
va trong két qua cubi cing nhd nhom phin thue v3i nhau ciing nhu
nhém phin 30 véi nhau. HE chimg minh loai bai tap kidu nhu thé nay, ta
hily viét ra trén nhdp dinh nghia mot trudmg va ¢6 ging viét khong cén
nhin vao sich. Sau d6 ta ldn lugn ching minh c4c tinh chét coa trudng
duoe thoa man d6i véi d6i tuong dang xét. Ta ¢6 vdi céc s6 phitc -

1) (a, + byi) + ((2; + bsi) + (@, + byi)) = »
=(a, + bji) + (@, + 3;) + (by + bi) = (a, + (@, + 3,)) + (b, + (b, +b,))i=
= (@, + ;) + a5) + (b, + by) + )i = (a, + ;) + (b, + bo)i +, + byi =
= ((a, + b,i) + (a, + b,1)) + a, + b,i. Phép cOng két hop.



2) (a, + byi) + (a, + byji) =(a, + ay)) + (b, + by)i =
=(a, + a,) + (b, + b))i = (a, + b.i) + (a; + byi). Phép cong giao hoén.

3) 0 + (a + bi) = (0 + a) + bi = a + bi. Phin tir khong ctia phép cOng 1a
$0 0,

4) V&i moi s6 phifc a + bi, s6 phic - a - bi 14 d6i cian6 vi
(@+b)+(-a-b)=a-a+(b-bi=0+0i=0.

5} (a, + byi)((a, + bai)(a; + bsi)) =

= (a, + b;i)(a,a; - b,b, + (a,b; + byay)i) =

= a,(a,a, - b,b;) - b)(a,b, + b,a,) + (a,(a,b, + b,a;) + by(a,a; - b,by))i =

= (a,a, - bh,)a, - (ab, + h,a,)b, + ((a;b, + b,a,)a, + (a3, - bb,)by)i =

=((a,a, - bb,) + (ab, + hiah)(a, + byi) =

= ((a, + bji)(a, + byi))(a, + b,i). Phép nhan két hop.

6) (a, + b,i)(a;, + byi) = a,a, - bb, +(ab, + b,a,)i =

= 4,3, - byb, + (a,b, + b,a))i = (a, + h,i)a, + byi). Phép nhan giao
hodn.

7) 1.(a + bi) = a + bi. Phin tir don vi cia phép nhan la s6 1.

8) Gid sira+ bi #0=0 + 0i 1a mgt s6 phite khac 0, diéu d6 c6 nghia
4 vt b khong d6ng (hdi bing O hay a* + b* = 0. Xét s8 phic

a -b
2 2+ 2 7!
a“ +bh a“ +b

.

ta co

[ a4 _bl’i](a-ﬁ-hi):

a2 +b2 aZ+b

2 2 2 2
b b
A, +[ a ab }:“ b it

a2 +b? a2 +b? a2 +b?  a’ +h? a2 +b2

Vay méi s§ phitc khic 0 c6 nghich ddo.



0) Xét (a, + h,i)((a, + byi) + (a, + b)) va
(a, + byi)a, + b,i) + (3, + b,i)(a, + byi). Taco:
(a, + hli)((al +a,)+ (bz + b)) =
=a,(a; + 2;) - b(by + by) + (a,(b; + by) + by(a; + a,));
(a, + bi)(a, + byi) + (3, + b,i)(a, + bii) =
= 2l,63 - blb2 + (il,b: + b|a2)i + a|a3 - hlh! + (a|b3 + blaj)i =
= a,a, - bjh, + a,a; - b)b; + (a,h, + h,a, + a,b; + b,ay)i.
So sdnh cdc k&t qua dat duac ta c6 phép nhan phan phdi d6i véi
phép cong.
Két lugn : C v&i hai phép todn cong va nhin nhur trén 13 mot tnrong.
Nhan xét : 1) Khi chimg minh C 2 mdt tmrimg, ta da sir dung cac
tinh chat ciha phép cong va phép nhan cac 56 thue : két hgp, giao hodn,
¢6 phin tir khéng, <6 phidn tir d6i, ¢6 phan (i don vi, moi s6 thue # 0 ¢6

nghich ddo va phép nhan phan ph6i ddi voi phép cOng, nghia 2 R la
mdt (rudng ;

2) Ta c6 hinh vé durdi diy sau khy tian Ky bau tap trén :

C

R
vil ngudi ta néi ring R 12 mot trudng con cla C, twong (e ta ¢6 Q 1a mot
tnromg concia R
3) S& di mat bai rap kiu nay phai 1am 13 mi nhir vay, vi sinh vien mé
viio dai hoc rdt b3 ngd khi gap loai bai tap nhur thé nay.
2. Thuc hién cic phép (inh :
A8+i)-2-71)=-10+ 8i.



b i - (5 +2i) =-S5 -i.

<) [——Ql] [‘44-15]:—2—25.
4 2 4
d V2 -3 -iv2)=vbo -2 -2+ ).
¢) (Vk +ivh)(Wk —ivh) =k +h.
3. Phan tich cdc t8ng sau thanh tich cta hai thira s6 phac lién hop :
a) 16 + a° = (4 + a1)(4 - ai) = (a + 4i)(a - 4i).
M@a>0)a+ 1= (Wa+i)a~i)=(+va iyl -Va i)

4. Thire hién cic phép tinh :

) 4  41+2i) _4+8i_1+
1-2i (1-20(+2i) I+4 5

)-2f+1 (=243 + i) - 2i3) =23 234 (1 +12)i
1+2if3  (1+2i3)1-2iV3) [+12

8,
—1.
s

Ta c6 thé thdy ngay két qua khi nhan xét : — 243 +1i =i(1 + 2/3i).

5. Tinh cdc liy thira :

A Viit=-1 vél =1, nén: () =G = (@) = - G =)

S18 __ -12:3 L o1 _ iRe2 I
= =-; = =.].

Ta ¢6 thé thdy ngay két qua khi chuyén sang de_mg luong gidc :

k!
“1+if3 o . 2z .
f = COSTHsmT =Ccos2® + isin2n =1,
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6. Tinh céc s6 thuc x va y sao cho :

a) 2 + 5ix - 3iy = 14i + 3x - Sy. D& hai 56 phtc d6 bing nhav, ta phii
¢S phin thue cia ching bing nhau, va phin 4o cia chiing bing nhau. Tir
d6 ta 6 hai phuong trinh sau day véi cic dnlax vay :

Ix-5y=2
Sx-ly=14
Tudd,tadugcx =4,y =2.
[ T D B . s a s .
b) —+—+—=———+—, Tich phidn thuc vi phin o cla hai V&
X y 6 x vy vy
ta duge
111
X y 6
1 1 5
—_—_t——=—
X yy

Tuw do, x = %,y= 18.

7. Giii cdc phuong trinh :

a) 4x* +3x + 1 = 0. Ta tinh biét s6 A=9 - 16 =-7 = 7i*. Vay phuong
trinh ¢ hai nghiém :

_Z3VT o -a-dn

X,-———, Xa

8 - 8
MNE+DX-(S-Dx+2-21)=0.Tac6A=(5-1)"-4QR+1)(2-2i) =
= -2i = (1 - i)’. Vay phuong trinh c6 c4c nghiém nhu sau :
xl=5—i+l—i=6—2i :3—i:
2(2 +1) 22 +1) 2+1
5—i-l+i_ 4 2 4

2= = e e —

22+1)  202+1) 2+i 5 5

-l,
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8. Thuc hién cic phép tinh sau dudi dang luong gisc :
a) = 3(cos{8° + isin18°%) . % (cos42° + isind2°) =

=3. —;: (cos(18° + 42°) + isin(18° + 429)) =

= cos60” + isin60° = l+i£.
2 2
;
I V3. an .. 4anY
b)| -———1i| =|cos—+isin— | =
2 2 3 3

34341
[ 4 . . T .. 4n
=]CcCOS— +1S1In — =COS—+I1SIN— =
3 3 3 3

1V B ( an . 4n)’ y
= ———-—1, Vi|cOs—+15in— | =cos4n + isindn = 1.
2 2 3 3

o) = 9Jcos(—72£ + 2k1t] +i sin[—g + 2kn] . Tir d6 cho k [4n luot cdc
gidtri0, 1,2, ..., 8, ta dugc 9 gid tri cia Vi ; d6 1a :

T .. =
cos— +isin—,
8 18

(n 27) .. (= 2n)
coS| —+— |+ 1SN —+ —
18 9 18 9 )

v

(7 4n .. (n an
cos| —+— [+isin) —+— |
18 9) 18 9 )

n 6r) ..(xm 6r)
cos| — + — |+ isin| — +—
8 9, 18 9

[n 8 _(n 8n )
cos ]—+— +isin| — +— |,

-

18 9 )
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x 0rYy . . (n 0=
cos| — + — |+isin| — + — |.
I8 9 8 9

‘12 . . (®m 12m
cos| — +—— |+isin| — + —
18 9 18 9

(n 14 . . (rn l4=x
cos| — +—— |+isin| —+—
TRECH A TR

x lonY . . (n 16¢;)
cos| — + —— |+isin| — + — |.

(- iﬁ)(cosq)+isin Q) (I- iﬁ)(coscp+ 1sin (p)2 _
2(1 - i)(cos ¢ — i sin (p) - 2(1-1)

2(cos( 7t/3) +isin(— n/\))(cos2q>+1sm 2(p)
2\/-(c.os( -n/4) +isin(-n/4))

—=cos| 2 +—15—E +isin| 2¢ LY
J' M 3 s P 4 1)
! 00{2 n])ris‘m[" n]_

= — -_—— 2 —_——
Nt ST MY

\\ DR
(I +i)= [ﬁ[a)s%ﬂsin%u =(ﬁ)"[cosn%+isinn§].

J

9. Gidi phuong trinh x* - 1 = 0. Ta viét :
x* -1 =(x*- DX+ ).

Viy cic nghiém cia phuong trinh x* - 1 = 0 la cdc nghi¢m coa
phiong t6inh x? - { =0 vi x* + 1 = 0. Phuong (rinh x* - 1 = 0 cho ta hai
nghiém * 1, va phuong trinh x* + | = 0 cho ta hai nghiém £ i ; vi vay
phuong trinh da cho ¢ 4 nghiégm : 1, -1, i, -i.

Tong quit, ngudi ta chimg minh duge ring moi phuong trinh bac n :
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ax"+a X" '+..+a,=0;a€C

¢6 n nghiém trong trudmg s8 phitc C, cic nghiém c6 thé phan biét hay
trung nhau ; ta bio C 1a ddng dai s6, trong khi trudng s& thuc R khéng
c6 tinh chit nhu vay.

10. a) Gia sir z, va z, 12 hai s6 phiic. Chimg minh

ZI +22 =Zl+22,

2129 =2Z) Z9 .

Giasirz, =a, + bjivaz,=a, + b,i. Tacé

2z +2z,=a, +ta, +(bI +b2)i=aI +a, —(bl +b2)i=

a~bji+a,-bji=2 +2,;27,=aa,-bb, +i(ab, +a,b)=
=a,2,— bby — i(a)b, + a:by), 2, 7, = (a, — byi)ay — bsi) =

= a,a, — b,b, —i(a\b, + a,b,), vdy 2,2z, =Z z
b) Gia st phuong trfinh bac n
ax"+a X"'+..+a=023€R

c6 moét nghiém phifc z = a + bi. Ching minh lién hop Z=2a - bi ciing 12
nghiém caa phuong trinh.
That viy, vi z 1a nghiém, nén ta c6 :
az+a,_,2'+..+a,=0
L4y lién hop clia hai v€ clia ddng thic :

n n =0=
az"+a 2" +.-+a =0=0

Ap dung a) va chii ¥ lién hop ciia mét s6 thuc 1a chinh s6 thuc do,
ta dugc :

an(;)n +an_l(;)“_] +-+a =0,

diéu d6 c6 nghia z=a—bi ciing 13 mot nghiém cda phuong trinh.
14



11. Gidi phuong trinh x" - 1 = 0. Cic nghiém cua phuong trinh
la n can bic n cha don vi :
W=cos§£+isin£~ k=01, -1
n n

Viét tudmg minh ra, ta duge
k=0,x,=1= x?

2 . . 2n
k=1,x, = cos—+isin—
n n

4 . . 4n
k=2, x,= cos—-+1sm—=xf
n n

2(n-Dn 2(n -Hr

=Xy .
n gia tri 46 ndm trén dudng tron don vi, 1am thanh mot da giic déu n
canh cé dinh x, = 1 1 thue, va n€u m 1a chin thi da gidc con c6 mét dinh
thuc nifa, d6 1a -1, cdc dinh con lai 12 lién hogp véi nhau timg déi mot,
ching han

k=n-1,x,,= cos

2(n—-Dn + isin 2(n—1)n _

n n

( 21:] .. [-21:] 2 .. 2 —
= COS| — |+1sIn| — :COS—"ISIU—=XI.
n n n n

Tacécéchinhvésaudéyvéin:Z 3,4,5,6:

IRNANZNY

X,-( = COS

J \<ﬂ\ |
N /Y
NV A NVA




12. Xét tap hgp X céc cin bic n ciia don vi (xem bai tap 12) :
X={x,=1,X, -, Xyt }.
a) Chimg minh xx; € X;i=0,..,n-1,j=0, ..,n— 1. That vay ta cé

UURRS | DO ¢ R -
(xx;)" = XiX; =1l.1=1,

vdy xx; 1a mét can bac n caa don vi, cho nén x;x; € X. Ta c6 thé néi
phép nhan cdc s6 phitc 12 mot phép toan trong X.

b) x; + x; ¢6 thudc X khong ? Ta c6 thé trd 15 ngay 12 khong, vi néu
lay x;=x;=x,=1,thitacéd x; + x;=1+ 1 =2 ¢ X (cdc phén tl cia X
déu nim trén dudmg tron don vi). Ta suy ra phép cong cic s6 phic khong
phai 12 mot phép todn trong X.

c) Ching minh X clng vdi phép nhan 12 mét nhém giao hodn. Dé tra
10i cau ndy, ta lai 1am nhu bai 1, viét ra trén nhép dinh nghia cia nhém
giao hodn. Cic tinh chat k&t hop, giao hodn, cé phén tir don vi, ta 43 nhin
thdy trong bai tap 1. By gid ta hdy 14y mot phan tr tuy y x; € X ; x;
hién nhién 12 mét s6 phic khic 0, nén nghich dio xi_' cua né tén tai

(bai tap 1). Ta phai chimg minh x;' & X. Muén viy, xét
& =) =17 =1

Vay xi’l ciing 12 mot cin bac n cia don vi, nén )l(i'l € X. Vay X
cing véi phép nhan la mét nhém giao hodn goi 12 nhdm cdc cdn bdc n
cua don vi. Nhém nay 12 mot nhém hitu han, né c¢é n phén i, trong khi
nhém nhan C” = C - {0} c6 v6 han phin tir. '

13. Gid sit X © C* = C — (0} 1a mot tap hop c6 n phdn tk (n > 1) va X 1a
mot nhém d6i véi phép nhan céc s8 phie. Chitng minh X 1a nhém cdc
can bac n cia don vi (xem bai 12).

Trudc hét ta xét rudmg hgp n = 1, nghia 13 X = {x} chi c6 mét phéin
tir x. Vi X la moét nhém d6i véi phép nhan, nghia 12 phép nhan cdc s§
phitc 1a mot phép todn trong X, cho nén x* € X. Nhung X chi c6 phén tir
X, nén :

2

X“=x=1.x,
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hay sau khi gian udce vii x (ban doc hdy nghi tai sao ta lam duoc) :
x=1.

Vay X = (1}.

Bay gid ta xét trudng hop n > 2. Ta hiy chiing minh c4c phin tir clia
X déu nim trén dudng tron don vi, nghia la véi moi x € X moédun
IxI = 1. Gida siru, v € X ¢6 modun 1an lugt bé nhit va 16n nhét trong cac
modun cla cic s6 phic thude X. Néu X cé6 mot s6 phie ¢ modun < 1,
thi 4 c6 lul < 1 (Vi lul bé nhat), nén lul* < ul. Vay u> c6 mo6dun
lu*t = lul. lul = i < lul. Nhimg phép nhan c4c s phitc 13 mot phép todn
(rong X, nén u* € X. Mau thuln véi gia thiét u c6 moédun bé nhit. Ly
luan fuong tu vai truong hap X ¢ mot s8 phitc ¢6 modun > 1 va sir dung
v, ta cing di dén mdt mau
thudn. Viy Ixl = 1 v8i moi
x € X. Ta d& dang thdy 1 € X.
That vay, gia sir ¢ la phdn tir y
don vi clia nhém X va x 1a mot
phin «r tiy ¥ cha X, ta ¢é

ex=x=l.x,

hay sau khi gian uéc vdi x :

e=1. 0

Ta duge hinh vé sau day véd
cic phdn tirx, = 1, X, X5 ..., X, Xn-2
cha X trén dudng tron don vi ¢

Chiing dugc sip xép trén
dumg tron, nguge kim déng
ho, theo acgumen cua ching :

0 = arg(x,) < arg(x,) < nrg(x-l) <..<arg(x,.,)<2n.

Bay gid ta hdy xét cac lily thira x; =1, x, xf, s xls, .. cla x,,
chiing d&u thude X va khong thé phan biét vi nhu vay X sé v6 han. Vay
phii ¢6 nhimg lily thira tring nhau, ching han x: = x{ V6i 1 # §, gia s

i <j. Vay x{‘i =1, nghia la t6n tai nhimg s& tu nhién k # 0 sao cho
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x; =1. Gia sit m Ia s6 o nhién = 0 bé nhét sao cho Xy =1. Vay x, la

mot ¢an bac m clia don vi ; x7 = 1, x,, xf, ey X271 dBu thuoe X, vay

m < n. Ta chilmg minh m = n. That vay, gia sir x, # z € X. Cing 1ap luin
trong tr nhu d6i véi X, ta ¢6 z 1a mot can bac p cha don vi va arg(z) phdi

bing 2 > 2n = arg(x,). Vay m > p. L4y m chia cho p, ta duge
p m

m=pq+r,0<r<p-1

trong d6 q la thuong va r la dr. Xét 2. x4 € X :

2_n_2nq_2nm—pq

)= p m mp

N 2 v
=2n—<— Vi — <.
mp m P

.2 e -
Viy ta phai c6 ﬂ:O. nghiataz. x| =1, hayz = x}, viy z 1a mot
mp
cdn bic m clia don vi. Ta vira chimg xong moi phén tr clia X 12 mot can
hac m cia don vi, nhung X ¢6 n phén tir, vay n = m.

14. Xé1 tnsdng s6 thue R va nhém nhan R™ = R - {0} cfia n6. Chimg
minh trong R‘, ta chi ¢6 hai nhém hitu han déi v&i phép nhan cba R, d6
la [1})va{l,-1}. D6i vai trudng hitu 4 Q thi sao ?

Ban doc c6 thé 4p dung bai 13 d€ thdy ngay ké&t qua.
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Chuong I
PINH THUC ;

§1. TOM TAT LY THUYET

Chiing ta di gdp nhitng hé phuong trinh fuyén tinh véi mot 4n hay hai
fin hay d6i khi ba 4n trong chuong trinh trung hoc va qua d6 chiing ta di
c6 khii niém dinh thédc c4p hai va ba. Trong thuc 1ién ta phai xét nhilng
hé phuong trinh tuyé&n tinh véi s6 phuong trinh va s6 &n 16n hon nhiéu va
do d6 phai tinh nhimg dinh thitc c6 c4p rdt 16n, ching han céc ky st thiét
k&€ may bay luon gip nhitng dinh thic cdp 1000, t4t nhién lic 36 khong
thé tinh tay dugc ma phai sir dung méy tinh. D& dua ra dinh nghia dinh
thifc c4p n, ta phii c6 khéi niém phép th€ va ma tran.

1.1. Pinh nghia phép thé cia mét tap hop him han

Gia st X = {X,, X, ..., X, } hay dé cho gon X = {1, 2, ..., n}. Mot song
dnh o : X > X goi 12 mot phép rhé clia X. Nguoi ta ky hiéu S, tap cic
phép thé cha X.

Nguoi ta thudng viét mot phép the€ o nhu sau :

o= i 2 n
“lo(l) 6(2) - o(n)

Vi & 1a moét song 4nh nén o(i) # o(j) khi i # j, cho nén o(1), 6(2), ...,
o(n) 1a mot hodn vi cha {1, 2, ..., n}. Tir d6 ta suy ra s6 cic song 4nh cia
X bing s6 hodn vi ctia {1, 2, ..., n}, nghia 12 bing n!. '

Vidu Ly X ={1,2,3},tacéd 3! =6 phépth€cia X, d61a:

e_123f_123f_123\
"123“‘231"'312J’
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(1 23y (1t 23y, (123
f’"[z l 3]’”‘[3 2 1]‘f5‘[1 3 2]

trong d6 e 1a phép th€ doéng nhit. Ta chi y khong nhat thiét phai viét
dong ddu cia phép the theo thi ty tr nhién, ta c6 thé viét theo thit tr
khic mién 12 anh clia céc s6 phai viét true ti€p dudi chiing ; ching han

e (12 3_(3 21 (213
3 2 1 3 31 2)° L1 2 3f
Pé dinh nghia duge dinh thife, ta cdn phai dua ra ddu ciia mét phép
thé's. Gia sit

(1 2 « n
o(l) o(2) --- o)
D4u cua o, ky hiéu sgn(c), 12
‘ 1_1 i-j
fy cD -
{1, j} chay khip tap hop cdc bo phan c6 2 phin tir cha X.

Ta thdy ngay

sgn(a) = (-1)°

trong dé s 12 s6 nghich thé cia o (khi 6(i) > o(j) vdi i <) thi ta bao d6 1a
mot nghich thé ctia o); s 13 chin (1€) thi o 12 phép th€ chin (12).

Trong vi du trén, tacé :
sgn(e) = (-1)° = 1, sgn(f) = (-1¥* = 1, sgn(f) = -1’ =1,
sgn(fs) = (-1)' = -1, sgn(fy) = (-1)* = -1, sgn(f;) = (-1)" = -1.
Ta cling cin nhd tinh chét v& ddu cua tich hai phép thé dé nghién cidu
dinh thiic :
sgn(o.7) = sgn(o).sgn(T).
1.2. Pinh nghia ma tran

Trudng K & trong chuong ndy c6 thé 13 trudng s6 hint ty Q, trudng s6
thue R, hay trudng s6 phitc C.
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Mot ma trdn A 1a mot bang c6 m x n s6 a; 14y 3 tnrong K, viét nhur sau:

a

ap 12 7 A,
A=|32 8 oAy
aml am2 Tt amn

Cac s6 2, duge v16t thanh m dong va n cot, ching mang hai chi s6 :
chi s6 i néi 1&n ddAgvainGi len cot ma &, dugc dat trong bang. Mbi a,
duge goi 12 mot thanh phdn cia ma tran. Mot ma tran kiéu (m, n) 1a mor

ma trin ¢6 m dong va n cOt. Khi m = n thi ta bao ta c6 mOt ma trdn
vuong cdp n.

Ma trin B goi 12 ma tridn chuyén-vi cia ma tran A néu m3i thanh
phdn b, cia B & dong thi i va cot thit j bing thanh phin a, cha A & dong
thit j va cot thi i, nghia l1a ta duge ma tran B (ir ma tran A bing c4ch viét
cAc cOt clia A thanh dong ciia B khong thay d6i thit ty. Ta ky hiéu B
bing ‘A. Nhu vay néu A c¢6 m dodng van ¢l, thi B ¢6 n dong va m cot.

1.3. Binh nghia dinh thite

Gid str A 1a mo6t ma tran vudng cpn (n> 1) :

A A oAy,
A=|321 222 "
dpp 8gp ot A4,

Dinh thiwe cha ma tran A 12 mot s6 D duge dinh nghia la tdng sau day :

M D= ZS@(U)ala(l)ﬁzcm " Ana(n)

GES,,

vi duyge ky hiéu bai

dy A Ay
2) D=|2%21 32 " 3,
An 2y o Ay,
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Nhdn xét : Theo (1) D Ia téng cha n! s6 hang va 6 chay khip S, (S, 12
tap hop cic phép thé cia {1, 2, ..., n) c6 n! phén tir) ; mbi s6 hang ¢6 dang :
$g0(0) a15(1) 220(2) - Ana(n)
trong d6 sgn(c) = | hay —1 tuy theo phép thé o 1a chin hay 1€, tiép theo
la tich cia n s8 ldy tir ma tran A ma médi dong chi c6 mit moét i4n va
ciing nhu vay véi méi cot. Ngudi ta dura ra ky hiéu (2) ciia D dé thiy cic
s8 ma tir dé ngudi ta viét dugc (1), va d€ vé sau ta (s& thdy) tinh toin

dinh thitc dé dang hon 1 tinh tnse tiép tir t6ng (1).
Ngudi ta con ky hiéu dinh thitc clia ma tran A béing IAl hay det(A), det
12 ba chir ddu ctia determinant (tiéng nudc ngoai, ma ta dich 1a dinh thuac).
Vi du : Xét ma trin vuong cip 3

4, a4, ag
Ay 2y, ay
a3 23 dg

Vi S, ¢6 3! = 6 phin tu, nén tir vi du trong (1.1) ta ¢é

A=

[Al = sgn(e) a1y a1e) Areay + sgn(fl)alﬁ(l)azqa)a“‘a) +
+sgn(fy) ayg,yaor,2)236,3) + S8 a1 y2a6,2)a303) +
+sgn(fy) ayg, (1yaze (2)236,3) + S8 21151y821,(2)A365(3) =
= 258233 + 313308y + 3383232 T 812821333 — 23883 ~ 3,183

Tir vi du trén, ta thdy ring dé tinh mot dinh thuc c4p n, ta phai viét ra
tit ca cag phép thé thude S, va tinh dau coa ching, cudi ciing ta viét n!
hang tir ctia dinh thic trén ca sd bi€t hét cic phép the thuoce S, va dau
cta ching. Lam nhu vay qua 1a dai, cho nén ngudi ta da nghién ctru mot
s6 tinh chat cda dinh thic cho phép nit ngén qua trinh tinh toin lai.

1.4. Céc tinh chat caa dinh thirc
Gia sir D 12 dinh thitc cila ma trdn A vuéng cip n :

) 3y oAy
A=|22 22 7 8y
anl a112 ann

22



Tinh c¢hat 1. 1Al = ['Al.

Tinh chét nly sé cho phép ta sau nay chuyén mot tinh chét vé dong
cha dinh thitc 1Al thanh mot tinh chat vé cot clta né va ddo la, vi dong
ctia dinh thite |Al 12 6t cba dinh thige Al va cot clia (Al 12 dong ctia I'Al.

Tinh chdt 2. Néu c4c thanh phin cia mot dong thit i cia A c6 dang
a, = d + aU,J =1, 2, .., n,thi [Al =IA’l + A"l trong d6 cdc thanh phdn

cia dong thiticiaA’laa

1y clia A” la a'i'j , cOn cac dong khéc ciia A’ va

A" gidng nhu cua A.
Tinh chat 3. Néu céc thinh phdn ciha dong thit i cia A c6 dang
a, = ka;j, i=1,2, .., n, thi 1Al = kIA’l trong d6 A’ 1A ma tran ¢6 c4c

thinh phdn ctia dong thi i bing a;i' j= 1,2, ..., n, con cac dong khic
chia A’ gidng nhu clia A.

Tinh chdt 4. Néu ddi chd hai dong cia A thi ta duge mot ma tran A”
suo cho Al = -IA’L.

Tinh chat 5. N&u A c6 hai dodng gidng nhau thi Al = 0. Tinh ch4t nay
sty ra iy tinh chét 4

Tinh chdt 6. N&u ta cOng vao cac thanh phin cua dong thif i cac thanh
phin clia mot dong khéc da duge nhan 1én v mot hé s6 k thi ta duge
mal ma trdn A’ sao cho Al = 1A'l. Tinh chat nay suy ra tir cac tinh chat
2. 3vas.

Tinh chdt 7. Cac tinh chiit 2, 3, 4, 5, 6 phét bidu cho dong cling ding
cho ¢ot. Didu d6 suy ra tir tinh chit 1.

1.5, Tinh dinh thitc
Gia sir D 1a dinh thiic :

A Ay e Ay
D= %2t 322 7 4y
A A A,

Ring c4ch khai trién D theo cdc thanh phin cha dong thi i
nH D=a,A,+a,A,+...+1a,A
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trong dé A, = (-1)™M, véi M, la dinh thifc c¢ip n- 1 suy ra tir D bing
cdch bo dong thiti va cot thit j, A, goi 12 phdn bit dai 56 cha a,, ta di dén
viéc tinh n dinh thic cfp n - {, c6 nghia la ta dan viéc tinh dinh thic cap
n dén viée tinh dinh thitc cAp n - 1. T4t nhién trong (1) néu ta ¢6 nhiéu a,
bing O thi s6 dinh thitc cdp n - | phéi tinh s& nit xu6ng nhiéu. D€ c6
nhiéu a, bing D, ta sit dung tinh ch&t 6. Sau d6 ta lai ti€p tuc dua viée
tinh dinh thdc cfp n - | thanh cdp n - 2, cit nhu the cho dé&n c4p 2 ma ta
tinh dugc d& dang. Trong (1) ta da khai trién D theo dong, ta ciing ¢6 thé
khai 1rién theo cot do tinh chit 1.

1.6. ﬂng’dung dinh thirc vao viéce gidi mot hé phuomg trinh Cramer
Mot he phuong trinh Cramer 1a mot bé n (n 2 1) phuong trinh tuyén
tinh d6i vdi n 4n x,. X, ..., X,
apX, +a,3X + ...+ apX, = b,
aQ,X, + all)(: + ...+ a:nxn = b3

ilnlxl + anlxl +..0+ aunxn = hn

trong d6 cic a, vab, € K,i=1,2,..,n,j= 1,2, .., n, va dioh thic D
thanh 14p boi cdc hé s6 a, 1a khdc 0. Nghiém cia h¢ Cramer 1a duy nhét,
cho bdi céic cong thie sau :

2,, 4, - by oeoay
a.ZI aZZ hz ﬂ.Zn
4y 84 bn U qml- Dj .
X]= N =—1)—,_]=l,2‘...,n
dpp Ay Ay e Ay
Ay Ay A, Ay,
anl ﬂnz anj ann

trong d6 D, suy ra tir D bing cAch thay cot thit j cha D bing cOt c4c s6
hang tr do b, cia hé phuong trinh.

Qua cong thifc trén, ta thidy viéc tim nghiém ciia mdt hé Cramer duge
dwa vé viec tinh cic dinh thic Dva D, j=1, 2, ..., n.
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§2. BAI TAP

1. Tim t4t ca cAc phép thé cha mdi tap hop sau :
X=1{1,2},X=1{1,2,3},X={1,2,3,4}.

a)e= [: g],t& [é T],sgn(e)= 1, sgn(t) =-1.

b) Xem vi du trong [.1.

c) S, ¢6 4! = 24 phin ti. D& viét 24 phén 1l d6 ra, ta xét mol phép th€
¢6 mot phin tir ¢ dinh, ching han 1a xét phép the o c6 a(4) = 4 :

s=[ 1 2 13 4 ]
T lo(l) o(2) a3 o(d)=4

Viy o han ch€ vio bo phan {1, 2, 3} chinh A mét trong 6 phép thé
cla vi du trong 1.1. Nhu vay mdi 1dn c6 dinh mot phin tir eia X = {1, 2,
3, 4} ta vi&t duge 6 phép thE nhu vi du trong (.1 ; 4 14n viét nhu vay ta
duge 24 phép thé (tdt nhién 1a phan biét).

D4u ciha o ¢6 4 ¢8 dinh bing ddu cia o han ch& vao {1, 2, 3}, ciing
nhir vay d6i v4i ddu cia o ¢6 | ¢6 dinh. Chi ¢6 cic o ¢4 2 ¢6 dinh va 3
¢4 dinh thi khong nhu vay. Ching han ta xét 6 ¢6 2 ¢6 dinh :

s=( 1 2 34
“le() o(2)=2 ©(3) o4)

3 diy ta c6 sgn(o) = (5gNn0, 14) €U (1) = | va d6i ddu nhau néu
o(1) =3 hay o(1) = 4 vi ta ¢6 thém mot nghich th& vai cap (a(l), o(2)).

2. Xét tap hop §, céc bhép the¢ ciia X = {1, 2, ..., n}. Chimg minh §, 1a
mot nhém d6i vai phép nhan dnh xa.

Gid sir o va 1 thude S,. Tich cita hai song anh o.t Ihi m6t song anh tir
X dén X. Vay 6.1 € S,, cho nén phép nhan dnh xa 1A mot phép toin
trong S,. Ta hdy ching minh phép toidn d6 thdoa man céc tinh chdt cia
mot nhém.
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Trude hét ta c6 E.(0.0) = (En).L vai &, n, § € S, vi tich 4nh xa c6
tinh két hop.

Anh xadonvie

1i1 phiin tir don vi vi ec = oe vdi moi o € §,.

Cudi cing v6i moi o € S,, vi 6 13 song 4nh tir X d&n X, nén t6n tai
dnh xa nguoc o' : X — X ciing li song 4nh ¢é 6.6"' =o' =e. Vay o'
€ S, 1a nghich dao cla ©.

Vi ba tinh chit trén, S, 12 mot nhdm ddi vdi phép nhan 4nh xa, ta
goi S, [a nhém cde phép thé cia X. Ta ¢6 (hé dat cau héi 1A S, c6 aben
khong ? Hién nhién S, 1 aben. Ly lai vi du trong 1.1, 1a ¢6 f,f, = {5, {,f;
= {, ; viy S, khong giao hodn. Tir §, khong giao hodi, (a ¢6 thé suy ra S,
(n > 3) khdng giao hodn (hudng din : xét hai phép (he thude S, dé c8
dinh cdc phdn tr o 2 4 va thu hep coa ching vao {1, 2, 3) 1a f, va fy).

3. Xéf nhém cdc phép the §; (xem bai 2). Dt
A, ={ces, | spn{c) =1}
vl X={ceS§,| sgn@)=-1}.

a) Chitng minh A, v X c6 s@ phin tf bing nhau va bing %nl .

b) Ching minh A, lam thanh mgt nhém doi vai phép nhéin énh xa.

Trude hét ta hiy ching minh a). Gid sit t € S, 1a mot chuyén tri, thé
thi sgn(t) =-1. Xét tich 15,0 € A, ; tachd

sgn(to) = sgn(t)sgn(e) = -1.1 = -1,
vily Ta € X. V& 1, ta thanh lap duge dnh xa

t:A, X
o i(c)=10

1 12 mot don 4nh vi tir ddng thic
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10, = 16,

ta suy ra o, = o, (bing gian udc hai v& véi 1, ban doc hdy suy nghi tai
sa0 ta lam duge nhur vay ?). Ngodi ra t 12 mol (oan dnh. That vay, gia si
p la mot phép the I¢é tiy y, nghia 1a p € X. Ta ¢6 tn € A, vi
sgn(tp) = sgn(t)sgn(p) = (-1)(-1) = 1. Ngoai ra, t(tp) = t((tp) = t’p=p
(t" = ¢ vi T 1a mOt chuyén tri). Nhu vay, vaimbi p € X, t6ntai g € A,,
sao cho t(6) = p, nghia la t toan dnh. t 1a song 4anh tr A, dén X, vay s@

N . R . s 1 s e .
phin ir ciia ching bing nhau va bing En! (sO phén tir cia S, bang n!).

Bay gi0 ta chimg minh b). Trude hét ta phdi chiing minh phép nhan
dnh xa 12 mot phép toan trong A.. Gid sir o, © € A,. Theo a) ta ¢6
o1 € §,. Xét sgn(at). Ta co sgn(ot) = sgn(s).sgn(t) = |.1 = 1, nghia {a
ot € A,.'Dé chimg minh A, 1am thinh mot nhém d6i vdi,phép todn dé,
han doc {am tuong tu nhu trong bai tap 2. Ngudi ta goi A, 13 nhém con
thay phién cia nhém cic phép thé S,

Ban doc ¢6 thé @it cau hdi va ty tra 101 xem bd phan X cdc phép thé
1¢ 6 1am thanh mot nhém déi v phép nhan danh xa khong ?

4. Tinh cac dinh thiic sau :

3 5 -8
AaD=]4 12 -1
2 5 -3

Ta ¢6 thé khai trién ching han theo dong thit hai :

5 3
BRI E
1 -8 3 -8 3
= - S =
-2O|l _3+l?.|2 _alt Y5 ‘i

S20-3+8)+ 12(-9+ 16)+5(3-2) =
-100+ 84 +5=-11.
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Ta ciing c6 thé trude khi khai trién, [am xu4t hién nhiéu O trong dinh
thirc bang cAch dp dung tinh chit 6 trong (1.4). Mudn vay, ta hay ldy
dong th nhat triy di dong thit ba, ta duge :

I 0 -5
D=4 12 -1
2 5 -3

Tiép theo, ta nhan c6t | vdi 5 va cong vao cot 3 :

1 0 O
D=(4 12 19
2 5 7

Cuéi ciing ta nhan dong thi ba vdi -2 161 cOng vao dong thit hai (viéc
liim nay c6t dé tinh phin bu dai s8 don gidn han):

1 00

2 §|_ _
D=1 ‘5 _’_14—25— 1
-6 1 7 -6 1 7
Mb=|5 -2 3= 5 -2 3 (congdong hai vao dong ba)
-3 4 5 2 2 8
-6 | 1
=21 5 -2 3, (duathira s6 chung & dong ba ra ngodi)
| 1 4
0 0 14
=25 -2 3| (cong dong hai va ba vao dong mor)
1 1 4|

- =2 x 14 x 7 = 196 (khai trién thco dong mot).
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S. Giai phuong trinh

4-x 5 \
=0

a
) -2 x =1

Sau khi tinh dinh thic & v€ tréi, ta duge
@-x)x-DH+10=0
hay x*-5x-6=0
bay 1a mot phuong trinh bac hai ¢6 hai nghiém x, = -1, x, = 6.

Ta ciing c6 thé ly ludn nhu sau d€ thiy hai nghiém cha phuong trinh.
Trude hét, nhin dinh thic ta thdy ngay ta ¢6 mot phuong trinh bac hai
dai véi x. Néu tinh y, ta thdy ngay nghiém x = -1, vi sau khi thay x bing
1. ta duge dinh thic

5 5
-2 -2

ma gi4 tri hi€n nhién bing 0 v ¢é hai cot bing nhan. D6 v6i nghiém tha
hai x = 6, ta thiy dinh thitc ¢6 gid tri O :

'—2 5

_p 579

vi ¢6 hai dong bing nhau ; 14t nhién viec fim ra nghiém x = 6 ciing do
lamn 104n nhiéu thi nhin thiy.

2% 5

k) x-1 x+2

=0

Tinh dinh thifc & v€& trdi, ta duoc phuong trinh
AKX +2)-5(x - 1)=0

hay 2 -x+5=0
Phuong (rinh ¢6 hai nghiém phic lien hop
1+i4/39 1-iy/39
S
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6. Tinh dinh thic

2 -3 1 4 0
0 3 -1 5 16
D0 0 -4 10 R[=2x3x(4)x(-T)x4=6T2
0 0 0 -7 5§
0 0 0 0 4

(tich céc phén tr nim trén dudng chéo chinh).

0 0 2 0 0
o1 5 -1 0
byD={| 2 3 7 31
1 0 4 -2 0
-1 2 0 -1 2

Ta c6 thé dira dinh thic D dudi dang tam gidc nhu sau :

0o 0 2 0 0

0O t § 0 0
D=2 3 7 6 |
0 4 -2 0

-1 2 0 I 2

(cOng cdt hai vao cot bon d€ 1am xudt hién ba 0 & dong hai véi diéu kién
trén ha ) d6 ¢6 ba 0 tuong tng & dong mot).

0O 0 2 0o 0

0 t 5 0 0
D=2 3 7 10 1
1 0 4 0 0

-1 2 0 -1 2

(nhan c6t mot vé 2 rbi cong vio cot bin d€ lam xuit hién hai 0 & ddng
hon, ding dudi hai 0 & dong hai).

30



™

0
1
3
0
2

A N

0

0 0
0 0
10 21
0 0
-1 2

(nhan co6t bén véi 2 va cong vao ¢6t nm dé ¢6 mat ) § dong niam, trén 0
d6 1a ba 0 cha dong mét, hai va ban).

Bay gid ta thue hién nhimg viec d6i dong vh dai cot dé dua dinh thire
vé dang tam gidc. Ban doc nén nhd ring khi trao d6i vi trf clia hai ddng
hay hai cot thi dinh thite d6i dfu.

0
]
D= I
~1

Q

l
0
2

2

5
4
0

2 27

H 0
0 0
0 0
-1 0
10 21

(dodi chd dong ba 14n lugt vdi ddong bon va dong nim).

C
Il
NS BN

0
0

1
-1
2

0
|
0

2
3

0 0
0 0
0 0
-1 0
10 21

(d6i chd cot ba 14n lugt véi cot hai va cot mot).

2.0 0 0
51 0 0
4 0 1 0
0 2 -1 -1
732 2 10

0
0
0
0
21

(d8i chd hai cot hai va ba).

Cudicing D=-2 x | x 1 x(-1) x21)=42.
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Ta ciing c6 thé khong cin thuc hién cdc viec ddi dong va ddi cot ma
6 thé c6 k&t qua ngay bing cdch nhin vao D & dang (*), r8i ddnh diu
cic phdn tir ma sau khi d&i dong va cot ching nim trén dudng chéo. .
Trdoc hét : ]

dong mot : chic chan s6 2 1a s§ ta 14y ;

dong hai : c6 hai s6 khéc 0, d61a 1 va §, ta ldy s6 1, vi s6 5 cling cOt

vii 2 ;

dong:bon : (a 14y s6 1 (tai sao ?) ;

dong nam : ta 14y s6 -1 (tai sao ?) ;

dong ba : ta 14y s68 21 (tai sao ).

Trrdc mbi s8 phai cé mot ddu, ban doc hiy tu im hiéu, vi sao lai cé
k&1 qua nhu sau :

D= (_l))+32 x (_1)1421 x (_I)).Ml x (_l)1+l(_l) X (-‘)“121 =
=2x (1) x (1) x | x 21 =42,

Ta ciing o6 thé tinh D bang khai trién theo dong thif nhit (vi o8 bén 0) :

01 -1 0
2.3 31
D=2
1 0 -2 0
-1 2 -1 2

Ta dugc mét dinh thic cdp 4. Ta hay cong ¢t thi hai vao cot thit tu :

01 00
3 6
D=2 2 |
I 0 -2 0
-1 2 1 2

Bay gid ta hdy khai trién dinh thitc cdp 4 theo ddong thi nhét, ta duge
mot dinh thite cip ba

2 6 1
D=2)-H| 1 -2 0
-1 12
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Nhan cot thi nhat véi 2, réi cong vao cot thif hai :

2 10 1
D=)-D| 1 0 0
-1 -1 2

Khai trién dinh thic cdp ba theo c4c phin tir ciia ddng thif hai :

10

|
D= (2)(-!)(-1)\ 5 = (D20 + 1) =42,

7. Tinh dinh thidc bing cdch dua vé dang tam gidc :

| 5 -2 13
0 2 7 1
2 10 -1 S
-3 -15 -6 13

a) b=

Ta hidy nhan c6t thit nhdt tudn tr véi -5, 2, -3, i cOng vio vdi cot thit
hai, thit ba va tha e : )
1 0 0 0
0 2 7 1
0 3 -1
-3 0 -12 22

Biy gidy ta nhan dong tha ba véi 4 réi cOng vao dong thir tur :

1 00 0
- bl 2 07 1
2 0 3 -~
5 0 0 18

bé c6 dang tam gi4c ta thyc hién viec d3i dong va ddi cot, nhimg xin
nha chii y dén dfu khi d6i dong va déi cot :

3-BTDSTT &
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N 2D N e
o N OO

0
18
-1
0 1

N N

w O O

2

[\ 8]

%
SN oo
=

0
18

N O o O
=

Ta ciing c6 thé ¢é ngay gid tri cia D ma khong cdn dua vé dang tam
giac biing cdch Khai tridn theo ddng va c6t tir dang (*) cha D

2 7 1

D=1.]10 3 -1

0 0 I8

‘ 1 _

=1.2.1 :

0O 18

| 2 3

-1 0 k)

-1 -2 0
D=

) -2 -3

-1 -2 -3

‘=2x3x|8=108.

n-1 n
n-1 n
n-1| n

0 n
—(n-1 0O

Cong tudn tr dong mot véi dodng hai, dong mot vér ddng ba, ..., ddng

m( véi dong thi n ; ta duge :

34
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2
2
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n

2(n-1) 2n
2n-1) 2n

n—1
0

2n
n
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Loxy Xy o X, X,
I x X, n-1 Xn
D= Iox, x X, X,
1 X, X, - X X,
Vox, oxy, e X X

Nhan dong mot véi -1 16i cong tudn tu véi dong hai, ba, ..., n- 1, n;
ta duge :

1 x2 xn | X“
0 x-x, 0 0 0
D= 4] 0 X —X, 0 0 a
0 0 0 X—X, 0
0 0 0 0 X=X,

= (X = X)X - X3) een (X - X HX - X))

Ta ciing c6 thé c6 ngay két qua trén bing nhan xét sau day : néu khai
trién D ta s&€ duge mot da thie f(x) bac n d6i véi x vai hé s6 cha x" a1,
hang tr nily nhan dwge tir viéc nhan céc thanh phan nim teen dudng chéo
chinh cia D. Mat khiic D = 0 khi ta thay x = x,  dong hai, hay x =x, &
dong ba, ..., hay x = x, & dong n. Diéu nay ndi lén x,, X, ..., X, la
nhimg nghiém cua [(x) ; nhung {(x) bic n, cho nén né chi ¢6 n nghiém,
VAY X, X3, .., X, 12 cdc nghiém cia f(x). Vay ta cé :

D=fX)=(x-%x)X-X,) ... (X -X,).

8. Tinh dinh thic bing cdch 4p dung dinh ly Laplaxo :

31 2 -1 1
o0 3 22
ayb=]0 2 -1 0 0
i 5 3 00
02 3 00

[N
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Ta hay chon cOt thif 1y va thif nam vi ¢6 nhidu 0. Hai cot nay chi cho
t2 mot dinh thiic ¢dp 2 khic 0, dé 1a

-1 1
M= 5 2':—4
Phan bb dai s cia M la
0 2 -1
A=) § 3
02 3

Céac s6 1, 2, 4, 5 chi c4c s6 dong va cot ma dinh thitc M duge nit ra tir
D. Khat trién dinh thifc c4p ba trén theo cot mot, ta duge :

2 -
Az—\ l:—

2 3
VayD=M.A =32,
12000
34050
D=0 0 2 1 §
00616
00009

Trudce hét 1a hdy 14y dong thit ba trir vio dong thit tu :

1 2 0 00
34 050
D=0 0 2 1 §
0 04 Q

0 0-0 09

Ray gi ta hiy chon dong thit tu va dong tht nam. Hai dong nay cho
ta chi mot dinh thite cdp hai khac 0, dé la

4 1
09

\:36
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Phén b dai s6 cia M 1a

1 20 {2
A=(-1)""¥13 4 5 =-\3 4}:2
0 01
VayD=M.A=36x2="72.
9. Tinh dinh thifc bing phuong phip quy nap :
1 1 1 1 1
o L T L
2 2 2 2 2
a)D, = 2 a3 a3 oA 3

D¢ tinh bing quy nap, ta hiy tinh D, va D, dé phong do4n dang clia
D,. Tinh

1 I 1 1

D,= ‘| va Dy=|a, a, a,
it a? a? a?

[ A

ta duge D, = a, - a,, D, = (a, - 2,)(a; - 2,)(a; - a,).

Tir d6, ta phong dodn dang clia D, :

Dy =(a; - 235 - 2)(35 - 2,) ... (2 - a)(2 - ) ... (3, - 3,,)
= H(ai -aj),i=2,...,n;j= 1, ..,n-1
i>)

Ta hiy chiing minh cong thic trén bing quy nap theo n. Ta thdy cong
thirc dling cho n =2, 3 ; ta gia sit ding chon - 1 vd chiing minh ddng
cho n. Trudc hét ta nhan xét rdng D, = O khi ta 14n hugt cho 3, = a,,
a, = a,, ..., 4, = 3, VAY néu ta khai trién D, theo cot thit nhét, ta sé dugc

mot da thitc bac n - 1 d6i v&i 4n a, va da thitc nhan n - 1 nghiém :
a,, a,, ..., a,. Cho nén D, c6 dang

Dn = A(al - a’}.)(al - 33) - (al - an))
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trong d6 A 12 he s6 clia af™, d6 12 phén bd dai s6 clia a]™! trong dinh
thic D,, n6 bing :

1 1 ST | 1
A= (_1)1\-1 aZ a'3 an—l al\
-2 -2 -2 -2
ay " Ay - oagy ag
Theo gia thiét quy nap, ta duge

A= (-1)""(ay - 325 - 3 N84 = 23) - (@, - B )8y - 85) -.. (2, - 2y,.1)
Tir d6

D,= (_1)11-1(32 -a,)(2,-2) ... (8, -a)A= n(ai _aj)

i>]
vii=23,..,n:j=12,..,n-1
-3, a, 0 0 0 0
0 -a, a, O 0 0
b) D = 0 0 -a, a, 0 0
0 0 O 0 -8 a,
1 1 1 1 1

Ta c6 thé tinh D bing phuong ph4p quy nap, nhung & day ta hay dira
D vé dang tam gisc vi nhanh hon. Ta hay cong céc cot 1, 2, ..., n vao cOt
n+ 1, ta duge :

-a, a 0 0 0 0

0 -a, a, 0 0 0

D= 0 0o - y 8, 0 0
0 0 0 0 —a 0

1 1 1 1 1 n+1
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Bay gio khai trién D theo cot thit n + 1, ta duge :

-a, a, 0o o0 - 0

. 0 -a, a, 0O - O
D=(n+1)| O 0 -a, a, -~ 0 |=¢-D"®O+Daa,..a,

0 0 0 0 -a,

10. Gidi h¢ phuong trinh bing quy tic Cramer :
22X, +3x,- x,=4

a) X, + 2%, +2x; =5

X, +4x, - 5x; =2

Ta phii tfnh bon dinh thitc d€ 6 nghiém cba phuong trinh, nhung &

day ta may min nhin thdy ngay nghiém cta phuong trinh
X, =X;=X;=1.

Thuc ra vi dé bai néi t&i quy tic Cramer, diéu d6 c6 nghia hé phurong
trinh 13 Cramer, cho nén c6 nghiém duy nhit. Néu hé phuong trinh
khong phdi 1a Cramer (hi n6 ¢6 (hé vo nghiém hay c6 vo s6 nghiém, cho
nén viéc nhim ra mot nghiém chura ¢6 (hé ndi ring da gii xong hai todn.

b) X, +2x; +x, =8 o

3x, - 2x, - 3x,=-5

3x, - 4x. + 5%, = 10
Bing quy tic Cramer, ta duge x, = 73/38, x, = 71/38, x, = 89/38.
C) X+ X, + 2%, + 3x, = |

I, - Xy - Xy -2, =-4

2x,+3xl-x3-x4=-6

X+ 2%, +3x,-x, =4

X, =X, =-1,%=0,x=1.
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d) X, -3x;+4x,=-5

X,y -2x,+3x,=4
3X1 + 27(3 - SX4 = l2
4x, + 3x, - 5x, =5

X, =L,x,=2,x;=1,x,=-1.



Chuong I1
KHONG GIAN VECTO

§1. TOM TAT LY THUYET

Trong chuong 0, chiing ta da ndi (31 bon cdu tnic dai s6 ma hoc sinh
£ap trong suét mudi hai nam hoc & phd thong, tir I6p | dén 16p 12, d6 1a
cac cfu tnic nira nhém, nhém, vanh va trudng. Trong chuang nay chiing
fa dra vio moét cdu tric dai s6 quan trong: khong gian vecto, nén ting
cia mon hoc Dai s6 tuyén tinh. Cdu tnic khéng gian vecto 43 duoc
hoc sinh 1am quen khi hoc khdi niém vecto trong hinh hoc & trung hoc
phd thong ma cdc em thudmg vé nhur nhitmg mii tén. § day cic vecto da
duge md rong, chi gi lai nhimg tinh chit co ban nhit ca vecto & trung
hoc phd thong, cho nén ching khong con vé duge nhr nhing mii tén
nita réi.

1.1. Pinh nghia khong gian vectu

Trong chwong nay va cdc chuong sau K 1a mot trudng ma chui yéu la
cac tnrong C, R hay Q.

Gia sit E 13 mot tap hgp ma cic phan tir duge ki hiéu bing X,¥.Z, ...
(trong nhiéu tai lieu, ngudi ta bd mii tén va chi viét don gidn x, y, z, ...;
& day ta vin dé miii tén d€ giit cach viét nhu trung hoe vi (6ng quét hoa
qud nhanh c6 th€ gay bdi r6i cho ngudi doc) va K 13 mot trudng ma céc
phan tr ducc ky hiéu bing A, p, v, ... Gia sit cho hai phép 104n :

- phép cong : '

ExE—>E
XY X+y
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va
- phép nhan maot phin tr cia K véi mot phéan trcua E :
’ KxE—>E
(A X) > AX
thda mén céc tinh chdt sau vdi moi X,ye E vamoi A, p e K:
1) E cing v6i phép cong 1a mot nhom aben,
2) phép nhan phan ph6i d61 voi phép cOng ciia truong K :
(A+ X = AX +yy,
3) phép nhan phan phdi dsi vSi phép cong cia E :
MX+Y)=AX+1y,
4) phép nhan két hgp :
AMpx) = (Ap)X ,
5) X =X, 1 )adon vi coa truimg K.

Liic dé ta bao E cing v4i hai phép todn : cong trong E va nhan véi
mot phin o cia trudng K, thda min cdc tinh chdt 1), 2), 3), 4), 5) la mot
khong gian vecto trén tnrong K hay K - khong gian vecto (cing goi tit 1a
khong gian vecto khi khong cin chi 16 K) ; khi K = C, ta bio E 1a khong
gian vecto phitc ; K = R, E la khong gian vecto thuc ; K = Q, E 1a khong
gian vecto hitu ty. Cac phan 1ir cia E goi la cac vecto ; c4c phan ar cia
K goi 1d vo huéng ( d€ phan bigt v&i vecto). Phép todn + goi 1a phép
cOng veclo, phép todn nhan véi mot phdn o cia truong K goi 1a phép
nhan vecto v v hudng.

Mot s6 hé qua don gidn suy ra ngay tr dinh nghia ma ta cdn nhd vi
diing té& fuén.

Vi E 1a mot nhém aben i vai phép cong, nén E ¢6 cAc tinh chit cua
mot nhém aben, mia & day ching ta ciing nén nhic lai mot sd tinh chat.

i) Phan tr trung hda 0 ciia phép cOng vecto la duy nhdt, goi la vecto
kh(‘sqg (hay vecto zero).
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2) Moi vecto X € E chi ¢c6 mot vecto d6i duy nhit ky hiéu - X.
) Ludtgidnube: a+c=b+c=>d=b.
4) Phuong trinh d6i véi X

i+X=b
c6 mot nghiém duy nhit 13 b-a. That vy, ta c6 a+(b—-3) =b, vay
h—ala nghiém cba phuong trinh. N&u phuong trinh ¢6 hai nghiém
cvac:

i+c=d+c =h,
thuo hién 1uAt gidn uéc & ding thite tht nhét ta duge T=c'.

Sau day la nhimg tinh chit lién quan d&n phép nhan vecta véi vo
huong.

5) Phép nhan phan phdi doi véi phép trir trong K
(A — )X = AX — px . That vy, taco :

AM=((A-p+X=A-pIX +px;
cong -uX vao v€ diu va vé€ cudi ta duge ding thiic mong nu6n.
6)0X = 0. That vily, 1a chi cfin 14y A = p trong ding thic trén.
7) (W) X = -uX. That vay, 4p dung 5) va 6) bing cach dat A = 0.
Chimg minh tuong tu, ta duoce :
R) Phép nhén phan phéi doi vai phép trir Irong E:
MX -V)=AX -Ay.
9)20=0. |
1) A(-X)=-AX.

11) Quan he A ¥ = 0 kéo theo hodc A = 0 hoac X = 0. That vay gia
st A # 0, nén X ¢6 nghich ddo A" ; vy :

X=1% =(A'MNX =1'Ax)=1"0=0.



1.2. Pinh nghia khéong gian (vecta) con

Gia sir E 12 mot K - khong gian vecto, A 1a mot bo phan cba E 6n
dinh d6i v6i hai phép todn ciia E, nghiala X+ye A vaAX € A vSi moi
X, ¥ € A vd A € K. Nhr vay hai phép todn cha E cam sinh hai phép
to4n trén A. Ta bao A 1a mot K - khong gian vecto con (goi tit 1a khong

gian con) cua E néu A ciing véi hai phép todn cim sinh lam thanh mét
" K - khéng gian vecto.

Dé nhan biét mot bo phan A khong réng ciia K - khong gian vecto E 12
mot khéng gian con cia E, ta ¢6 dinh 1y sau day dugc luon luon sit dung :

A 1a khong gian con cia E & VX, § € A, VAo, n € K,
AX +py e A VX, yeA VAeK X +7 e AvadX € A.

1.3. Khong gian con sinh bai mot hé vecto

Gia st E 12 mét K - khong gian vectd, (X ) s, 12 mot hé n vecto clia
E. Ngudi ta d€ dang thdy bo phan

A={AX, +MLX,+..+ 0%, |MekK,i=1,2,..,n})
lam thanh mot khong gian con cua E, goi 12 khong gian con sinh bdi h¢
vectd (X )y<iso-
1.4. Tdng ciia nhimg khong gian con

Gia sir E 12 mot K - khong gian vecto, (F) <<, 12 mot ho m khong
gian con cia E. DE dang thiy bo phan

F={X;+X, +...+ X |X; eF,i=1,2,...,m]
12 mot khong gian con cha E, goi 12 tdng cha cidc khong gian con
F,F, .. ,F,vakyhiéulaF,+F, + ... +F,.
1.5. Giao cia nhitng khong gian con

Gta sit E 12 mot K - khong gian vecto, (F, ),5,(,,, 12 mot ho m khong
gian con cha E. Giso

G= nFi=Flr\F1r\....r\Fm

11<m



13 mot khong gian con cua E, goi 1a khong gian giao ciha céc
F.i=1,2,...,m

1.6. Pic lap tuyeén tinh va phy thudc tuyén tinh

Gia sir x x x (n > 1) la n vecto cha K - khong gian vecto E va

) VY W kn lan phfm tr cta trudng K. Vecto
X=X, +A, X, ¥ A X,
con duge viét la :
X=)>» \,x, €E
i=I

vi goi 1a 18 hop tuyén tinh ciia cdc vecto X,.X,.....x, vdi cic he tr
X Ay, oo, A, (hay cila hé vectd (¥ ), 2v s VOLho hE ir (M), 1 3 . 0)-

Trong tnedng hgp K 1 mot truimg s6, cic k‘ s& goi 1a hé s6 t.hay cho
h¢ .

Khi X 12 mot 18 hop tuyén tinh cia he vectd (X)), - ). 5. ... 12 CON N6
X biéu thi tuyén tinh duge qua hé vecta dé. Qua cdc vi du sau, ta sé thdy
cach biéu dién

X= Xixi

-

I

khong chidc duy nhat, tic 1a cdn ¢b thé co

X = Xixi

™

ma khong phdi A, = A, véimoii=1,2,....n

Vi du. Trong R - khong gian vecta R?, cho céc vecto ;(: = (0, -1),
x, =(1,4), x, =(2,3). Khi 26

2x,+x, +0x, =(,6)=3x +3x, -

45



5%, +2%, - X, =(0,0)= 0=0x, +0x, +0x,.

To6 hop tuyén tinh ctia hé vecto (x—i )izt VO DO he it (A, =0),., .
£0i 13 16 hop tuyén tinh tdm lhubng cua hé vecto d6. Trong vi du tren, (a

di hiéu thi tuyén tinbh vecto 0 qua cic vectd X |.X,.X, bing hai céch,
trong d6 mét biéu thi tuyén tinh 13 1dm thutmg.

Tong quit, vectd 0 cia mot khong gian vecta E bao gio ciing ¢6 it
nhit mot bidu thi 1uyén tinh qua mot hé vecto (;:)542 coa E, d6 la
bidu thi tuyén tinh tdm thuomg :

ORN ) |

0=0x, +0x, +...+0x

Hé n vecto (;;)MM“ (n > 1) trong K - khong pian vecto E goi 1a

déc 1idp tuyén tinh khi vecto 0 chi ¢6 mot bi€u thi myé’n tinh, d6 1a biéu
thi tuyén tinh tdm (hiimg, qua hé vecto d6. Vay hé (x. Diel. , 96c lap
tuyén tinh khi va chi khi

i=l,.
n — -
D Ax, =0 kéotheo h, =hy= ... =4, =0

Hé vecto (;;)iﬂ___‘“ khong doc iap tuyén tinh (hy goi 1a phu thudc
1yén tinh. Viy hé d6 phu thudc tuyén tinh khi vecto 0 c6 it nhat mot
hiéu 1hi tuyén tinh khéc tdm thudng, nghia la Z A, x_‘. =0 trong d6 ¢4 it

i=1
nhdit mot A, # 0.

Vi dy. Ta hiy 1y lai vi du trén. He (X,.X,.X;) doc 1ap tuyén tinh
vi 0¢6 2 bi€u thi tuyén tinh qua he d. He (x,.X,)doc 14p tuyén tinh

Vi i néu Ax, +Ax, =0, tie 1a M0, -1) + A(l, 4) = (0, 0) hay
(Ao Ay + 43 = (0, 0) thi A, = 0, -\, + 4%, =0, do A6 A, = A, = 0
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Sau day 12 mot s6 hé qua don gidn, nhung rdt quan trong vi ta sé sur
dung uon.

1) Gia sir I 1a mot tap hop hiru han va & # ) c 1. Cho hé vecto (x ),

i€l

trong K - khéng gian vecto E va h¢ con (x el ciia né. Vi moi 16 hap
tuyén tinh ctia hé con c6 thé xem 13 mot 8 hgp tuyén tinh cia he ban
ddu (coimoi he tr A, =0vdiie I-Jnén:

- néu hé¢ (’_‘—i)iel doéc lap tuyén tinh thi he con ()T;)JEJ cling doc lap
luyén tinh ;

- néu hé con (x Dies phu thudc tuyén tinh thi hé ban diu (x Yiey PhU
thude tuyén tinh.

2) Cho hé vects (X) chi cé mdt vecto. Hé nay 12 phu thu6e tuyén tinh
khi va chi khi ¥ = 0. That vay, n€u (%) phu thuéc tuyén tinh, diéu dé c6
nghia c6 0 L € Ksao cho AX=0. ViL =0 (a suy ra iz(_).péo las,
gid sir X=0. L4y A 0, ta c6 AX =0, vay (X) phu thudc tuyén tinh.

3) Cho h¢ vecta (;;;;x_;) n > 1. H¢ 1a phy thudc tuyén tinh
khi va chi khi ¢6 mdt vecta ciia hé hiéu thi tuyén tinh qua cic vecto con
lai cia hé. That vy, gia sir hé la phu thudc tuyén (inh, nghia 1a ¢6 hé cac
he ur (A, A,,..., &) trong d6 ¢ it nhdt mot A, = 0 sao cho

k.xl+ +l ”+lx +k X .A.+).nx“=()

Vik,at(),néncongh).chdaok. . vatacd
X, ==X, A A X F R X A X

Dio lai, gid sircé x, bidu thi tuyén tinh qua cac vecto con lai cda he

- JEDU—— _— —

Xg =X ot X PR g X T TR X
Thé thi ta c6 thé viet

ByX G e X X R Xy et % =0

vl W, =-1 0. Vay h¢ vecto (x~; ..... ;;) phu thudc tuyén tinh.
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4) N&u mot vecto p biéu thi tuyén tinh qua mot he vecta (x_;)l= o

doc 1ap tuyén tinh, thi ¥ chi c6 mot bi€u thi (ayé&n tinh qua he vecto dé.
That vay, gia sir cé

yziki;i‘ =ik‘i;(_;,
i=l

i=1
n — —
ta suy ra Z(ki —k'.l X, =0.
i=t '
Nhung he (x;),., _,1a doc 1ap tuyén tinh, vay X, - A", =0,i =1, ...,
n,hay A, =2",i=1, ..., n
5) N&u he vecto (x,),., , doc lap tuyén tinh thi hé (x,.....X,.§)
phu thudce tuyén tinh khi va chi khi vecta y biéu thi tuyén tinh duge qua
hé (;—i)#l"_m. That vy, néu y biéu thi tuyén tinh qua (;(?)’zlm“ thi

theo 3) he (;; ..... Z«?) la pbhu thudc tuyén tinh. Ngwge lai, néu hé

(;;;,: ¥) 1a phu thuge tuyén tinh (hi ¢6 16 hyp tuyén tinh khong
tim thuong

A+t h x +Ay=0
trong dé A khong thé bing 0, vi néu A = O thi 13 hop tuyén tinh khong

1im thudng dé chimg o he (;‘7 ),-t...» Phu thudc tuyén tinh, trdt véi gia
(hi¢t. Vay ta cé :

1.7. Hang ciia mot hé hini han vecta
Gia su [ 1a mot 1ap hgp hiu han vi & = J < L. Gid sir cho hé vecta

(;)lEI trong K - khong gian vecto E. Hé con (;;)J.Ej £0i 12 mot hé con

48



doc Idp tuyén tinh 181 dai cha hé da cho néu né 1a mot he doc 1ap yén
tinh va n€u thém b4t c\t vecto ; nao, i € I - J, vao hée con dé thi ta déu
duge mot he phu thudce tuyé€n tinh.

Tinh chdt. 1) Néu hé con (X,.X,.....X_ ) cda he (x;)., 1a mot he

con doc 1ap tuyén tinh t61 dai thi moi vecta )_r: ,1 € I, biéu thi tuyén tinh
duge qua hé con d6 va bi€u thi tuy&n tinh duge mot cich duy nhat.

2) Cho moét hé him han vecto (;:) trong E va cho h¢ con doc lap

i€l
tuy€n tinh ()T.J.)j.EJ , (@ #]c ), thi ta cé thé xay dung mot hé con doc

1ap tuyén tinh (6 dai ciia he (X,),, chda he (x)) .

That vy, gia sir 43 xay dung duge hé con (x—,),eL ,JcL cI, doc lap
luyén tinh ma vin chua phai doc 1ap tuyé&n tinh t6i dai, tirc vin cdn c6
vectd ;: ,i € 1-L, khong phai 1a mot t8 hgp tuy&n tinh cia hé (;;)M ,

the thi ta 19y hé (x, ).+ M =L U i}, he ndy vin doc lap tuyén tinh.

Vi sG phin tir cia I - L 12 hitn han, sau mot s6 hitu han bude, ta xay dung
duoc he ddi hoi.

Cho hé hiu han vecto (x—,)iel trong K - khong gian vecto E. Thé thi
ta chimg minh dugc ring s& phén tir cia moi hé con doc 1Ap tuyén tinh
101 dai cia n6 12 bing nhau va goi 1A hang cba hé vecto da cho. Hang cia
he veeto (0) duoc coi bing O.

{.8. Hang ciia ma tran

- Cho mot ma trdn A = (a,) m dong va n cft véi a, € K. Hang ciia A la
hang cla hé vecto cot va ngudi ta chimg minh né ciing bing hang cia hé
vectar dong va bing cdp cao nhft cha cic dinh thic con khdc 0 cua né.
Khing dinh cudi ciing nay gitp ta tinh hang cia ma tran.

Ngudi ta chitng minh duoc ring néu ma trdn A chifa mo( ma tran
vudng cip p ¢ dinh thifc khdc 0 sao cho moi ma tran vuéng cdp p + 1
chda né c6 dinh thic bang 0, thi ma trdn c6 hang p. Viéc tinh hang cha
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ma irdn cho phép ta khing dinh mot hé phuong trinh tuyén tinh t6ng
quat c6 nghiém hay khong.

1.9. Co sé va 83 chiéu coa mot K - khong gian vecto
O day chiing ta chi d& cap 15i c4c khong gian vecto cé chidu hira han.
Gia sit E 13 mot K - khong gian vecto. Gid s tdn tai trong E moi he
vecto doc lap tuyén tnh (e,.e,.....e ) sa0 cho moi vecto cua E déu

hiéu thi tuyén tinh qua hé d6. Liic do ta ciing c6 thé néi hé (c—; )2

1=12,....n

la doc 19p tuyén tinh t6i dai trong E. Hai hé (c,...e,) va

(t:':....,;:'_n:) doc 14p t6i dai trong E phai ¢4 86 vecto biang nhau : n=n’.
Vi du. Gia st E 1a khong gian vecto gdm tdt cd cdc vecta c6 cing
diém g6c O trong khong gian. HE ba vecto (e, .¢,.¢,) khong dong
phing 1a doc 14p yén tinh va moi vecta clia E déu hiéu thi tuyén tfnh
yua chidng,.
Gia sir E 1a mot K - khéng gian vecto. Gid sir (;.c—;.. c_"‘) 1a mot
hé vecto doc 1ap tuyén tinh t8i dai trong E, nghia la ¢6 cac tinh chét sau :
1) doc 1ap tuyé&n tinh,

2) moi vecta cia E déu bidu thi tuy€n tinh qua (¢,.e,,....,e ) vamot

céch duy nhit Vi (¢,.....e, ) doc 14p tuyén tinh.

Liic d6 ta bio (e,,....e, ) 1a mot co s cia K - khong gian vecto E va
0 chidu (hay vin tit 1a chiéu) clia E, ky hiéu dim E, la s6 vecto cha co
s0. Ta viét dimE = n ; va goi E 12 K - khong gian vecto n chiu. Néu
dim E = n, 1a suy ra moi hé vecto doc 1ap tuyén tinh cia E gém n vecto
la mot co s cta E.

Chu y: Ngudi ta chimg minh ring moi K - khong gian vecto E déu ¢6
o s& va s6 vectd clia ¢o s ¢6 thé hir han hay vo han. Néu E ¢6 mét co
st hitu han thi moi co s@ khac cia E ciing hilu han va ¢ ciing s6 vecto.
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Néu E ¢6 mot co sd vo han thi moi co sd khéc cha E ciing vo han, va
chiing ddng luc véi nhau. Trong trudng hgp E ¢6 co s vo han, ta bio
dim E = oo, va goi E 1A K - khong gian vecto vé han chiéu.

(3 day khi néi t6i co s clia mot K - khong gian vecto ta hiéu ring né
hin han; Vi 1§ do sir pham. T4t nhién ta ciing c6 thé tham khédo thém
nhimg tai liéu khic dé tim hifu vé céc K - khong gian vecto c6 co sd v

han. Gia sit E 1a mot K - khOng gian vecto, (€.¢,.....e, ) 12 mot co s&
cia E, va x la mot vecto tily ¥ cia E. Liic d6 x biéu thi tuyén tinh mot
cdch duy nhét qua co s (¢,):

X=he +he, +..¥A ¢
X As .oy A, gOI la cic 10a 4O cua vecto x d6i véi céc vecto
:;e_n‘ clla co s0.

Vi dyu. Xét khong gian thue R, n> 1,
R'={(X, Xsr ... X) | X, € Ry1=1,2, ..., n}

Cic veclo: e, = 1,0,...,0),

...................

e, =(0,0,..,1)

lam thanh mot co s cha R", goi la co s chinh tic. Mgi vecto
X = (X, ..., X,) c6 thé viét thanh mot 18 hgp tuyén tfnh cla cdc vecto
(¢,.¢,,....e ) nhusan:

X=chl 'i'XZ(':2 +A.,+X“Cn .

Nhu vay x,, X;, ..., X, 12 ¢4c toa dd clia x d8i vdicosd (e,) -

Néu A 1a mot khong gian con ciia K - khong gian vecto n chiéu E, thi
dim A < n. Trong truong hop dim A =n, thi A=E.
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Sau day la cong thic cho s6 chiéu cla tdng hai khéng gian con, tién
loi cho viéc 1am mot s6 bai (ap :

dim (F, + F,)=dim F, +dim F, - dim (F, ~n F,)

1.10. Ma tran chuyén tir ci 0 nay sang co sd khac

Gid st {e,.....e JlacosdciciaEva {e,....e' | laco s& méi.
Taco:

e.=1t,.e +...+1

J 11 mjcm = ,....m.

Ta duge ma tran vuong cip m :

tli Ilm

T=
tml e tmm

Ma trAn T ¢6 hang m vi cdc vects Ot clia né chinh 13 cAc vecto

—_— —

IO ¢’ cia co s mdi bidu thi tuyén tinh qua co s& ci. Vay T kha

nghich, va goi 1a ma trin chuyén tir co s {e,.....e } sang co s&

KD o
[e e ].

I.L1. Lién hé giita cac toa do cia mot vecty doi véi hai co so
khic nhau

Giésfr)—(eE {;c_l:} {e_-', }lahau_uxduuaET (t,)

la ma tran chuyén tir co sd thit nh4t sang co sa thit hai. Ta m cac toa d6

cia x d6i véi co s& thit nhit bidu dién qua cdc toa 40 cia x d6i véi co
sd thit hai thong qua ma tran T nhu sau :

X = E-'lcl+ +E-'m m'_g e’ + +E—Hu =

"C:‘ (‘rlle tootT )+ +E«$m(tlmel+ mmir_n)

- (‘tllg l+ -+ tln\E" m )(" +. +(";mlg oot tmmg n )e

m l m

m
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T d6 .
g) = tllg’l +..+ tlm.c:;’m
§1 = 12|§‘| +...+ ‘tlmg‘u\

gm = Tmlgil + + tmmé‘m
§2. BAI TAP

CAC KHAI NIEM cO BAN

1. Hiy chiing t c4c tap sau la nhitg khong gian vecto :
a) Tap s6 him ti Q véi phép cong va phép nhan cic sd hin i

b) Tap s6 thuc R vdi phép cong cic s6 thuc va phép nhan mot s6 thuc
vdi mot s6 hivu ti ;

¢) Tap hgp céc da thdc cha 4n x, véi he s6 hitu ti v6i phép cOng da
thitc va phép nhan mét da thiie véi mot s6 hit 1 ;

d) Tap hgp céc da thitc ciia 4n x v&i hé s6 thue véi phép cong céc da
thitc va phép nhan mot da thitc véi mot s6 thuc ;

e) V = Q x R véi phép cong xac dinh bai :
@b+ (c,d=(@+c,b+d);
phép nhan mot phin tr cda V véi mot s6 hiru (i xdc dinh boi :
1(a, b) = (ra, rb)
(¢r day Q la tap s6 him ti, R 1a tap s6 thire) ;

) Tap s6 phirc C véi phép cOng hai s6 phic va phép nhan s6 phitc vai
mot sG thuc.

2. Cic tap sau c6 phai 1a khong gian vectd trén R hay khong ?
a) Tap Q vdi phép cong va phép nhan mot s6 hiru ti v6i mot s6 thuc ;

b) Tap s6 nguyén Z véi phep cong va phép nhan mot s§ nguyén véi
mat 56 thue ;
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c) Tap V n6i trong bai tap 1.e) vdi phép cong vd phép nhan vdi s8
thire v x4c dinh bdi c4c ddng thitc trong bai 1.e).

3. Chﬁng minh ring tip hop F cdc ham s thue xdc dinh trén doan [a, b)
vai phép cong c4c ham so va phép nhan mdt ham s8 véi mot s6 thue 12
mot khong gian vecto trén R.

4. Cho A va B la hai khong gian vecto trén trudng R, V=A x B. Trén V
xac dinh phép cong :
(©,.B)+@,8,)=(, +a,.8,+B,),
phép nhdn vdi s6 thue r xdce dinh bai :
r(@&p) = (1. 1P).
Ching minh ring V 1a mot khong gian vecto trén R.

. Trén tap M = (a}) x4c dinh phép cong va phép nhan vai mot s3 hivu ti r
nhu sau ;

ata=a;ra=a re.
Ching minh ring M 1a mOt khong gian vecto trén Q.

6. Chimg minh tap hop R" c4c diy s6 thuc 1a mot R - khong gian vecta
d6i v phép cong va phép nhan vii mot s6 thue thong thudng.

7. Chiing minh tap hgp C" chc diy s6 phite 1 mot C - khong gian vectd
dor vai phép cong va phép nhin vdi mot s6 phiae thong thudng.

Lii piai
1. a) Ta hdy nhin lai dinh nghia khong gian vecto trong (§1, 1.1). O day
E =Q va K = Q. Cic phép toan la nhu sau :

EXE:Q XQ—)Q

(X, y) > x + y (phép cOng hai sd hin ty)
KxE=QxQ —>Q

(A, x) P Ax (phép nhan hai sd hifu ty)
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D& dang kiém nghiém hai phép todn trén théa mian 5 tinh chit caa
dinh nghia khong gian veco trong 1.1. Viy Q 12 mot khong gian
veeld trén trudng Q. Cin chi y 13 cic phdn tir cda Q, khi coi 1a
khonggianvecta, 12 nhimg vecto ; con khi néi téi trudmg Q (truong
K trong ly thuyét) thi cic phén tir cia Q la nhimg v6 huéng.

b) Trong bai ndy E = R va K = Q. Ging 1am nhu bai a) ta duge R ]a
mot Q - khong gian vecto.

)0 day E = Qfx] va K = Q. Ta ¢6 QIx] 1a mét Q - khdng gian
vect o

d) Rfx] ta mot R - khong gian vecto.

¢) Trong bai ndy E = Q x R, K = Q. Cic phép todn cong va nhan vai
vO huéng nhus sau :

ExE=QxR)x(QxR)->QxR
((@,p), (c, ) (@a+c,b+d)
KxE=Qx(QxR)->QxR
(A, (a, b)) > (Aa, Ab)

Ta hdy lan lugt ching minh hai phép todn trén thda man 5 tinh
chdt trong (§1, 1.1). Hién nhién vi Q vd R la nhimg nhém aben
dai v phép cong cic s6, nén tich Q x R ciing 12 mét nhém aben
véi phép cong thue hidn trén cdc thanh phan cla cap, ngudi ta goi
né KA nhém tich cla cic nhém Q va R. Mal khic ta c6 cac dang
thue sau day : '
(A + )3, by = (A + pa, (A + p)b) = (Aa + pa, Ab + pb)

= (Aa, Ab) + (ua, pub) = A(a, b) + u(a, b)

M@, b)Yy + (¢, ) =Aa+c¢, b+d)=(Ada+c), Ab +d))
= (Aa + Ac, Ab + Ad) = (Aa, Ab) + (Ac, Ad) = A(a, b) + A(c. d);

(Ap)(a, b) = ((Ap)a, (Ap)b) = (A(ua), A(pb)) =
= Mua, pb) = A(u(a, b)) ;
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1(a, b) = (1a, 1b) = (a, b).

Vay Q x R 1a mot Q - khong gian vecto, goi 12 Q - khong gian vecto
tich cia Q - khong gian vecto Q va Q - khong gian vecto R.

) O day E = C va K = R. Ta d& kiém nghiém C 1a mot R - khong
gian vectd. Néu thay R biang C ta cing ¢6 € 1a mot C - khong gian
vecto. Téng quat, méi trudng K 12 mot K - khong gian vecto.

2. a) 0 day ta ldy E = Q va K = R. Phép cdng trong Q 1a phép cong
cédc $6 hiru ty ; hidn nhign Q 12 mot nhém aben véi phép cong cic
s hiru ty. Ta hdy xét phép nhéan vdi vo hudng :

KxE=RxQ—>E=Q

(A, x) P Ax

A 12 mot s§ thuc, x 1a moét s4 hitu ty, the thi trir khi A 14 hiu ty, cdn néu
A ¢ Q thi Ax € R, nlimg Ax ¢ Q. Véi phép nhan v6 hudng dinh nghta
nhu vay, ta khéng ¢6 mdt 4nh xa 1¥ R x Q vao Q, nghia la ta khong c6
phép nhan véi mot vo hudng, vay Q khong phii la mot R - khong gian
vectd.

h) Z khong phai 1a mot R - khong gian vecto cing cong ly do nhu
bai a).

¢) Trong bai l.c) ta xét Q - khong gian vecta Q va Q - khong gian
vecta R, va ta duge Q - khong gian vecto tich Q x R. Bay gir ta muén
stra trrdng vo hudng bing cach thay Q bang R, hic dé Q khong phai la
R - khong gian vecto theo a), vy ta s€ khong c6 khong gian tich Q x R
vi khong ¢6 phép nhan v6 hudng :

KxE=Rx(QxR)—>QxR
(A, (a, b)) - (Aa, Ab)
dohag QvidiheRvaaceQ.
3.0 day E=F, véi
F={f:[a, b] > R |fla4nh xa}
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va K = R. C4c phép cong va phép nhin véi vd hudng ta nhu sau :

ExE=FxF->F |

f.gy>T+g:[a.b]>R

x B f(x) + g(x)

KxE=RxF-oF

(MDA :[a,b] >R

x B (Af)(x) = A.f(x)
Trudce hét ta hiy chimg minh F 12 mot nhém aben d6i véi phép cong :
f+g:[a,b] >R ; g+f:[a,b] >R

x B f(x) + g(x) X = g(x) + £(x)

Nhung f(x) + g(x) = g(x) + {(x) vdi moi x € [a, b nénf+pg =g +f,
nghia la phép cong giao hoan.

f+g)+h:[a,b] >R

X > (f(x) + g(x)) + h(x)
f+(g+h):[a,b] >R

x > f(x) + (g(x) + h(x))

Do (f(x) + g(x)) + h(x) = f(x) + (g(x) + h(x)) vdi moi X € [a, b], nén
(f+g)+ h=1+ (g + h). Vay phép cong két hgp.

O:{a,bj>R
x>0
O+f:[a,b]>R
x B 0+ f(x) = f(x)
Viy O + f=f vdi moi { € F, him O 1a phidn tr khong.
-f:la,b] >R
x B -f(x)

Dé dang thiy ring -f xdc dinh nhu trén 1d him d6i cia ham f.
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Viy F la mot nhom aben dai véi phép coOng. Mat khic ta ¢6 :
A+p):fa,b] >R
X B (A + p).f(x) = Lf(x) + p.f(x)
M+ pf:la,b] >R
X P Af(x) + p.f(x)
w}:}y (A + Wf = Af + pf,
AMf+g):[a,b] >R
X B A.(f(x) + g(x)) = A.f(x) + A.g(x)
AM+Ag:[a,b] >R
X > Af(x) + A.g(x)
vay Mf + g) = Af + Ag,
(AM)f:[a,b] >R
X - (Ap).f(x)
A(uf) : [a,b] > R
x > A(n.f(x)) = (Ap).f(x)
vay (A)f = A(pf), -
1.f:[a,b] >R

X B 1.0(x) = {(x)
viy 1.f =fvéimoi f € F.

Ta k&t luan F 12 mot khong gian vecto trén R. Trong chimg minh ta
nhan xét, s& di cic phép cong va phép nhan véi vo hudng thoa man cac
yéu cdu cua mot khang gian vecto vi R 1a mot R - khong gian vecto R.
Cho nén ta ¢ thé tdng quat hoa bai todn bang cach thay R - khong gian
vectd R bing mot K - khong gian vectd G, [a, b] bing mot t1ap hgp I tdy

y khic réng ; lic d6 tap hop F la:
F={(f:1—>5G|féanhxa)

vt phép cOng va phép nhan vdi vo hudmg xdc dinh (tong (v

nhu trén :
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FxF—>F
f.gyHf+g:I1>G
x B f(x) + g(x)

(N

KxF—>F

AP AM:ISG

X B (AH)(x) = A.f(x)
Viéc chiing minh F }1a mét K - khong gian vecta hoan toan tirong tu

nhu trén do G 1a mot K - khong gian vecta. Ngudi ta thuong ky hiéu F
bing G'. Nhung t4p hgp G' lai la tich bé cac [ |G ., véi G, = G cho moi

el

i € 1. Thar v3y cho

f:-1->G
1 {(1)

ta duoc ho (f(i))id € ]_[Gi , va nguge lai cho ho (g,), € HGi
i€l 1€l
ta dugce anh xa

f:15G
i (i) =g,

Cho nén ngudi ta thudng viét tich bé cic NG, véi G, = G bing G
Trong truong hop 1= (1,2, ...,n}tac6 G"=G x G x ... x G.

- —
L

Tir c4c diéu néi trén, ta dugce : khi G 1a mot K - khong gian vectd, thi
(a cling c6 tich Dé cdc G' 1A mot K - khéng gian vectd, véi phép cong va
phép nhan vo hudng xic dinh theo (1) md ngudi ta nodi 1a cdm sinh bai
céc phép todn cia K - khong gian vecto G.

4. Ta tién hanh tuong oy nhur bai 1.¢) va duge V 1a mot R - khong gian

vecto, tich cia R - khong gian vecto A va R - khong gian vecto B. Chi
y: khi néi t4i tich cia hai khong gian vecto thi phép cong phai 12 phép
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cong trén c4c thanh phin va phép nhan véi v6 hudng ciing 13 phép nhan
trén cdc thanh phin, nghia la cdc phép 108n clia khong gian vecto tich
duge cam sinh bdi cdc phép todn ctia mbi thanh phén cua tich. Bai nay
dd téng quit héa bai 1. e) 1&n mot bude bing cich thay Q bing A, R
bing B va trudng vo hudng Q bing R. Ta ciing ¢6 thé téng quat hon nita
biing cédch thay A va B 1a nhimg K - khong gian, va ta duge K - khong
gian vecto tich A x B.

Trén day ta di xét tich cba hai K - khong gian vecta, ta ciing c6 thé
xét tich cia nhiéu K - khong gian vecto, cu thé ta xét mot he (4,),,
nhitng K - khong gian vecta va K - khong gian vecta tich l_lA, co cac

ed

phép todn sau day :

(xl)l €1 + (yl)u € ]= (xu + yl) 1€ ]

)“(xl)| 1= (A‘xl)| 8 O
Khi cic A, = A, thi [ [ A; = A, vatathdy lai diéu da néi trong bai 3.

i€l
5. Hién nhién M = {a} 12 mot nhém aben v&i phép cOng da x4c dinh, d6
1a nhém tdm thudmg chi chira phdn tir khong ma d day 1a a. D6i véi phép
nhan vdi céc s6 hitu ty, d6ng vai trd cic vO hudng, ta cé ddy du céc tinh
chil ma mot Q - khong gian vectd phai thda man. Day 1a Q - khong gian

vecto (Am thudng chi c6 mét vecto O, dé Ia phdn tr doc nhdt a
cua M.

6. Tap hop céc diy s6 thuc chinh 13 tap hgp R céc 4nh xa tir N vio R.
bay 1a mot tnrdng hop dic biét cia tnrding hop t8ng quét da dé cap &
trong c4c bai 3 va 4 ; RV 1a mot R - khong gian vecto véi c4c phép todn :
(a'|)|€N +(b|)|*:N= (a1 +bI)IEN’
AMa) cn=(Aa), N

7. C¥ 1a mot khéng gian vecto trén trudng s6 phitc C ; day ciing 12 mot
(nomg hop dac biét cha trudng hop téng quat da dé cap & trong c4c bai 3
va 4.
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KHONG GIAN CON
8. Ching minh ring : _
a) Q la khéng gian vecto con cua khong gian vecto R trén Q ;

b) Tap P, gém da thitc 0 va cdc da thirc f(x) € R[x] véi bac f(x) < n,
(n 1a mot s6 tu nhién c6 dinh), 1 mét khOng gian con cua khOng gian
vecto R[x] trén truong R.

9. Cho khéng gian vecto R’ trén trudng s6 thuc R. Cic tip con sau clia
R’ c6 phii la khong gian con ciia R*hay khong :

a)E={(a,0,a) | a, € R};

b)F={(a,a.-2) | a € R};

c)G={(a), a,, 3, + ay) | a, € R};

d)H = ((a,, 25, a,) | a,+a,+a;=0,a,€ R};

e)L={(a, a;, a,a,) | a, € R}.
10. Chiing minh tp hop E céc ham s8 thuc lién tuc trén moét khoang [
cva R 12 mét R — khong gian vecto.

11. Chimg minh tap hgp E cdc ham s8 thuc c6 dao ham trén moét khoang
I cia R la mét R — khong gian vecto.

12. Chimg minh tdp hgp E cdc ddy s6 thyc bi chan la mot R — khong
gian vecto.

13. Ching minh tap hop F cic diy s8 thuc bang O tdt ca trir mot s6 hiu
han la mét R - khong gian vecto.

14. Cho khéng gian vecto V trén trudng s6 thuc R, & 12 mot vecto c6
dinh thuéc V. Ching minh ring tap hop

W= {ra | re R} 12 mot khéng gian con ciia V.

15. Cho (W; | i € I) 1a mét ho tuy y nhimg khéng gian con cia khong
gian vecto V. Chiing minh ring

w=W,
iel
I3 moét khéng gian con cua V.
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16. Cho U, W la hai khong gian con cba khéng gian vecto V. Chimg
minh ring U + W 1a giao cua 14t ci cdc khong gian con cia V chiya U
vi W. ~

17. Hop cda hai khong gian vecto con cia E 1a mot khong gian vecto
con ctia E khi va chi khi cdi nay chia trong cai kia.

(8. Gia sir A 1a mot khong gian vecto con ciia E. Phan bb E - A cua A
trong E 12 mo6t khong gian vecto con hay khong ?

Lai giai

8. a) D€ lam c4c bai 1ap loai nay, ta xem lai (§1, 1.2) vé khong gian
veetd con. Trude hét ta c6 & = Q < R. Mat khic, néu x, y, A € Q tadéd

diang (hdy : x +y € Q va Ax € Q. Viy Q 1a khong gian vecto con ciia Q
- khong gian vecta R.

b) Hién nhién P, # @. M« khic gia sir ((x), g(x) € P, va A € R.
Thé 1hi
hac (f(x) + g(x)) < n, néu f(x) + g(x) # 0
bac (A(x)) < n, néu Af(x) #0
Vay f(x) + g(x) va Af(x) la nhimg da thic thude P,. Chd y néu
f(x) + g(x) = 0 hay Af(x) = 0O thi hién nhién ching thuoc P,.
9. Ta lan luot ¢6 :
*ExO
*(a,0,a)+(,0,b)=(a, +b,,0,a,+b;) € E
* Ma,, 0, 2,) = (Aa,, O, Aa,) € E.
Vay E 12 mot khong gian vecto con clia R*.
MD*¥Fz0
*(a,, 3, -a,) + (b, by, -b)=(a; +b,,a,+b,,-(a, + b)) € F
* A(q,, a,, -8,) = (Aa,, Aa,, -Aa,) € F.
Vay F 1a mot khong gian vectd con cia R’
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¢) Tuong tu.

H*H=zOW(0,0,0)e H

*(ana;,a,)+ (b, b,b)=(a, +b,a,+b,a,+h)e Wi
a,+b,+a,+4b.ra,+b;=a,+a,+a,+b+bh,+b,=0+0=0
* AMa,, a,, a,) = (Aa,, Aa,, Aa;) € H.

e)-L#Q

*Xét (1,1, 1)eL.Tac6 (1,1, D+ (1,1, D=(2,2.2) ¢ L. Vay L
khong phai 1a mét khong gian vecto con cua R>.

10.  day ta phai hi€u ngdm 12 phép cOng va phép nhin vdi v6 hudng
A e R duoc thixe hién nhur trong bai tap 3. Néu chimg minh thing E 13
mdt khong gian vecto trén R, ta phii 14n lwgt chimg minh t8ng cia hai
him s6 lién tuc trén I 1a mot ham s6 lién e trén [ va tich cha mot s6
thue voi mot ham sd lién tuc trén 1 la mot ham s6 thue tren 1. Tiép theo
1a cOn phai ching minh cac tién @& cia mot Khong gian vecto duge thda
min déi vdi E. Chiing ta s& khong 1am nhu vay. Ta Iy lai bai'tap 3 véi
khong gian F l1a khong gian cdc ham s6 thuc xac dinh trén khoang 1. Nhu
vay @ # E c F vi ham 0 € E. Mat khic t8ng cia hai ham lign tuc trén |
Ia lién tuc trén I, va tich cia mot sd thuc voi mot ham lién tuc trén | ta
mot ham lién tuc tye trén 1. Vay E 1a mOt khong gian vecto con cua F,
cho nén E 14 mOt khong gian vecto (trén R).

11. Cing lam nhu ba 10.

12. Ciing tién hinh véi tinh thin nhu da Jam v cdc bai 10, 11, ta xem
lai bai 6 trong d6 R™ 1a mot R - khong gian vecto. Ta hdy chimg minh E
< R™ 1a mét khong gian vecio con cia R™. Ta lan luat 6

* E 2 @ vi day (a,), - x V&I moi a, = 0 thudc E;

* Gia sir (a,) va (b,) thuoe E. Diéu d6 ¢6 nghia (6n tai hai s§ thuc
duong A va B sao cho lal < A va Ibi < B vdi moi i € N. Hién nhién 1a
ch la, + bl < laf + Ib) < A + B. Vay 18ng ctia hai ddy bi chan la mot diy
bi chin;

* Gia sir (a,) € E va A € R. Hién nhién (a ¢6 IAa} = IMla) < IMA. Viy
lich cha day (a,) v&i mot s6 thuc A cling 12 mot ddy bi chan. Vay E 1a
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mdt khong gian vecta con cba R™ cho nén né 12 mét khong gian vecto
trén R.

13. Gia sl (a), « v € F. didu d6 c6 nghia ¢6 mot tap hop hiu han I ¢ N
saochoa, #0vaiielvaa=0vaiigl Talan gt c6 -

* F = 3 Wi day (a), - x VO moi a, = 0 thuoc F (irong trudng hop nay
1=0)

Gid sir (a,) va (b)) thudc F. Biéu d6 c6 nghia (6n 1ai hai bd phan hir
hanfviJctaNsaochoa #0Oviiielvaia=0vsiiel b =0vé
ielvab =0v6iig¢l Hiénnhientacéa +b,=0véii e IuJvakhi
i € 10U J thi a, + b, ¢6 thé khic (0 hay bing 0, nghia 1a a, + b, khic O vdi i
thuéc mot bo phan ctia 1 U J, néi mot cach khide day (a, + b)), .n€ F.

* Gii sir (a) € Fva A € R. Hién nhién day (Ma), . y bing O tat ca trir
mat s6 hia han. Vay F 1a mot khong gian vecto con cia RY, cho nén né
[a mot R - khong gian vecto.

14. Truéc hét W 2 O Vi g= 1. a € W. Gidstrr, s € R, thE thi
ra +sa =(+s)a € W,vas(ra)=(sna € W. Vay W 1a khong

gian con cha khong gian vecto V, sinh bai he vects {a } chi ¢c6 mot
vecto @ (xem §1, 1.3). ‘

15. W = & vi vectd 0 thude moi W, nén thudc W. Gi sit X,y € W va A
€ K (ta gia sit V 12 mot khong gian vecto trén mot trudng K). Tacé X,y
e W, v3i moi i € 1. Do cdc W, 1a nhitng khang gian con cia V, nén X +
y € W, va hx € W, vi moit e I. Vay X + § € W va
AX € W. Do d6 W Ia khong gian con cha V.

16. Theo (§1, 1.4)

U+W={u+w|oelU w eW)
la khong gian con cia V, t6ng coa U va W. Hién nhién U + W chia U
WMWvili=tG+0vd #=0+wvdi 0 € Uvd we W. Mat khic
xét ho (V), ¢ (clc khong gian con cia V chita U va W. Ho nay khong
rong vi U + W 1a moOt khong gian con thuoc ho. Viy |'1Vi cU+W.
. 1l
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Nhungtacé i + we V,vdimoi u e Uvaw e W,vayU+WcC V,
Vi e . Tirdé U+ W c ]V, . Két hgp v6i bao ham thitc nguge & trén,
1€1
ta dugc U 4+ W = nVi .
el

17. Gia st F va G 1a hai khong gianconcta E. N&w Fc GthiFu G =G,
viy F U G 1a m@t khong gian con cua E. Pao lai gid st F U G 1a mot
khong gian con cua E. Ta hdy chimg minh hoic F € G hoac G c F. Ta
hiy chimg minh bang phan chimg. Gia st F < G va G @ F, diéu 46 c6
nghia t6n tai f € Fsaocho f e Gvaténtai ¢ € Gsaocho g& F. Wi
F U G la khéng gian con, nén f + g € FUG. Vay f + g thudc F

hoac thuoc G.Néu £ + g e F,thi(f + g)- f = g € F, mau thudn v6i

g eF.Neuf +g eG, thi(f +g)-g =1 e G, mau thun véi

f ¢G. Vay ta phai ¢6 hodc F = G hodc G c F.
IR. Xét E - A. Hién nhien E - A khong thé 12 khong gian con vi
0 ¢ E-A.

SUDOC LAP TUYEN TiNH - SU PHU THUOC TUYEN TINH
19. Xét xem céc hé vectd sau trong R* he nio déc lap tuyén tinh :

A, =(1,1,0), & =@O 1D, & =(1,01);
Ma, =2,03 a, =(I, ,2), o, =(-1,2,-1);
OB, =(0,-2,3), B, =(4, 1,0), B, =3, I, );

Ay, =CL23), Yy =(2,0,-1), y; =(5,6, (1),

20. Xét xem cic he vecto sau trong khong gian cic da thire R([x} trén
tniimg s6 thue R, hé nao doc 1ap tuyén tinh :
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—_—
3

a) a, =1, o, =X, 0, =X}

b)a; =l,[?2.=x,|?3' =xﬂ[§=2x’+3.

21. Chitng minh ring néu hé vecto

cia khong gian vecio V trén truomng K ¢6 hai vecto u—ivim ;
sao choot, =ke, thi d6 12 h¢ phy thudc tuyén tinh.

22, Chiing minh ring hé vecto

phy thudc tuyén tinh khi va chi khi ¢c6 mot vecto , 1a t6 hop tuyén tinh
clia cdc vecto ¢on lais

23. Chimg minh ring né&u

a,.a, ,c,.a,

i mot hé vecto doc 1ap tuyén tinh trong khong gian vecto V trén truomg
K thi hé vecto :

J— —_— —

By =ay, B, =a, +a,,

—_— | — etk —— . —

E=a1+a2+a3, |fT;=oL|+c12+0t_,+c’.4
ciing 1a mot hé vectas doc lap tuyén tinh ciia V.
24, Xét R - khong gian vecta R® cac ham sd thue xdc dinh tren R. Gia
sSWF={f f ...0 }lamdthocic ham xdc dinh nhr sau
1 2 o
f,: R>R

x—=ix-albaeR,i=12,...,m

trong dé a, # a khi i # j. Chimg minh hé F ddc 13p tuyén tinh.
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25. Xét R - khong gian vecto R®. Gia sir G = | £, -8a, &, } 1a mét ho
cdc ham x4c dinh nhur sau @
ga ° R-oR
xPHx-a,3€R,i=1,2723

trong d6 a, # a khi i # j. Chimg minh h¢ G phu thude tuyén tinh.

L gidi
19. a) Ching ta hidy tim nhiing s6 thue X, y, 7 dé xe—l. + ys_; + z;; =

(L, LLO+yO, 1. D+2(1,.0, )=(xXx+7z,x+y.y+7)=(0,0,0). Ta
dunye hé phuong trinh tuyén tinh :

X+ 2=0
< X4y =0
y+z=0
mi dinh thic cdc he s6 1a
101

I 1 0]=2=%0
0O 11

Ta ¢ mot hé Cramer vii nghi¢m duy nhfi lax =y =z =0. Vay he
veeld doe 1ap tuyén tinh.

b), ¢), d) lam tuong ty nhu a), ta ¢6 cic hé vecta di cho 1a doc tap
(uyén tinh.

20). a) Chidng ta hay tim nhimg s6 thuc a, b, ¢ &é

aa, +ha, +ca, =al+bx+cx’=0.

¢ da thide a + bx + ¢x” biing da thirc 0, ta phii cé a=b =c = 0. Vay

—_— —

he vecto { @, ,at, ,&, } 1a doc 14p tuyén tinh.
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b) Ching ta hdy 1im nhimg s8 thuc a, b, ¢, d d&
a+bx +cx’ + d2x* + 3) = a + 3d + bx + x*(c + 2d) = 0.
Vay ta phai c6
a+3d=0
b=0
c+2d=0
Ta nhan xét ta co thé 1y a = -3,b=0,¢c =-2,d =1 d€ da thiic tren
bing 0. Vay tacé:

B, +0B, -2B, +1.B, = 0,

nghia la he vecto { BT . [3: R [?; , 13—4 } phu thuGc tuyén tinh.
21. Xem (§1, 1.6, hé qua 3).

22. Xem (§l'. 1.6, he qua 3).

23. Ta hdy tim nhimg phdn trx, y, 2, t € K dé

xB, +yB, +zP;+1B, =xa, +y(o,+ a,)+z(a, +a, +a,)+
+a, +a, to, +a,)=x+ty+z+0)a +(y+z+t)a, +

— —_— — — —

+(z+t);_;+ta4 =0. Vihevccto(a| ;0 0y, 0, | d6c 1ap tuyén
tinh nén ta pha co
X+y+z+t=0
y+z+t=0
z+1=0
t=0 -
bay 1a mot he Cramer d6i vdi X, y, 2, t Vi dinh thic cdc hé sé bing
1
0

0

|
1
1
0 0

_oo;——
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Hé c6 mot nghiém duy nhdt : x =y =z =t = 0.Vay h¢ vecto
{B,. B, B, B, | d6c 18p tuyén tinh.
24. Gia sir hé F phu thudc tuyén (fnh. Thé thi theo (§1, 1.6, he¢ qua 3) s€
c6 mot vecto ciia F, & day 1a mot ham, ching han ham f,  biéu thi yén
tinh qua cdc ham con tai cha F, nghialacé A, e R, i=1,2,...,m- 1, dé
f =klfal +)‘2fa1 +...+A

an m-ta_

hay X -al=2A0x-al+2Alx-al+...+A, Ix-a,,l

véi moi x € R. Nhung hién nhién v€ trii clia ding thic 1a mét ham
khong c¢6 dao ham tai x = a,, trong khi V& phai lai c6 dao ham tai x = a,,.
Viy F khong thé phu thuéc tuyé&n tinh, néi cach khdc F 1a mot hé vecto
doc 1ap yén tinh.

25. Néu hé G phu thuée tuyén tinh, ta phii cé mot vecto coa hé biéu thi
tuyén tinh qua cdc vecto con lai cia hé. Vi ba vecto cha G déu cé vai trd
nhu nhau, nén ta 1dy g, ching han, va tim cich bi€u thi tuyén tinh né
qua g va g, » nghia la tim A, &, € R sao cho
1 2
ga, = A g, + kzgnz

hay X -2a;=A,(X-2a)+ M(X-a,) =X + A)x - (ha, + \.a,)

vl mai x € R. Tir d6 ta phai ¢

A+A, =1

ak +ak=a,
Day l1a mot hé Cramer dGi vdi A, va A, vi dinh thic
I

a, a

:32 —a, 20

2
Tir d6 ta duge mot nghiém duy nhit
A =(a, - a))/(a, - ), A, = (a; - 3,)/(a, - a,).
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Vay he G la phu thuéc tuyén tinh, nhung cic vecto Ba, va &, 12 doc

1ap tuyén tinh vi 8.4, biéu thi tuyén tinh mot cich duy nhat qua ching.

Ta cdn cé thé néi cic vecto cia G doi mét déc 1ap tuyén tinh vi chiing
6 vai tro nhir nhau.

Ta c6 thé md rong bai todn bing cach xét hé
G = {ga] 1Ba By v By )., R

trong d6 g = x — a, Véi a; # a; khi i # j. Hién nhién G 12 phu thuéc
tuy&n tinh vi hé con G ctia né phu thudc tuyén tinh (xem §1, 1.6, hé qua 1).

HANG CUA HE HOU HAN VECTO - HANG CUA MA TRAN

26. Tim hang cla ma trin sau :

1 -4 8 I -1 3
a) A=|3 -2 4|, b)B=|2 -1 3];
4 -6 12 3 1 3
FETE R
c)C=|0 1 3 4 §{; d) D= 5 | -1 0
02 3 1 8
0 2 2 4

27. Trong R* tim hang cia cic hé vecto sau :
a) o, =(-1,2,0,1), &, =(1,2.3,-1), a; =(0,4,3,0):
by B, = (-1,4,8,12), B, =(2, 1,3, 1),

B, =(-2,8,16,24), B, = (1, 1,2,3).

28. Tim hé con doc lap tuyén tinh t8i dai cha hé vecto sau trong khong
gian R*:
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L}

l

a, =(1,2.0,-1), @, =(0,1,3,-2),
a, =(-1,0,2,4), a, =@3,1,-11,0).

29. Tim gi4 tri clia x d€ hang cia ma tran

2 1 3
A=l -2 ¢
4 x 6

bing 2.
30. Coi R nhu mot Q - khong gian vecia, tinh hang ciia h¢ vecto!

(1, J2.43).

31. Xét R - khong gian vecto R® c4c ham s6 thuc xéc dinh trén R. Tinh
hang clia hé vecto (f),.,., trong dé

f:R—>R
Xk sinix,1=1,2,...,n

Lot giai
26. a) Ta cd Al = 0 va dinh thifc con cdp 2 & gée trai

'l ~4

N __2‘=—2+12=10¢0.

Viyhg A =2.
b) IBI=6+0;viy hg B =3.

c) (3 day hang ctia C nhiéu nht 13 bing 3 vi C chi ¢6 3 dong. Ta c6
dinh thitc cp 3 & goc tri

1 2 -3
0 1 =30
0 2 3

Viy hg C=3.
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d) Ta c6 IDI = 0 va dinh con cdp 3
I 4 6
-1 0 li=1=20
2 10
Vayhg D=3.
27. a) Ta thdy ngay :

a, =ﬂ.)+ﬂ.2

trong khi { c:: ,;.: } 1a d6¢ 1ap tuyén tinh vi cdc toa d¢ cia chiing khong
ty 1¢ vdi nhau. Vay hang cia hé 1a 2.

b) Ta thiy ngay B_; = 25; , c_ho nén vin dé dugc dua vé tim hang cia
{ [?I. . [3—2' , b—; }. Ta xé1 ma trdn nhan duge tir he vecta d6 @

1 4 8 12
2 1 3 1
112 3

lr(mg 36 dinh thic con cdp ba ndm & géc trdi ¢6 gid tri la 5. Vay
hg(Bl’Bz 63)[34’_‘{

28. Ta xét ma tran A tao bdi hévcud{a_- ;,aq‘,-_;}
I 2 0 -1
o - 3 =2
Al o 2 4

Vi cdc vecto dong l4n lugt 1 o ,a, &, ,a, .Taciing ¢6 IAl =0 va

—_— —— —

dinh thdc con cdp 3 & géc trdi ¢6 gid tri 4 = (). Viy {a, .0, ,a, ) la
mo( he con déc 1ap 16i dai. Ta ciing ¢6 thé tinh dé thdy :

a, =2al -3u2 -a,.
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29. Truéc hét dinh thire con cap 2 & gée trdi cd gid tri -5 2 0. Vay
hgA = 2. Mubn hg A = 2, ta chi cdn cho x moOt gia 1 dé |Al = 0. Tinh Al
(a duge LAl = 3x - 6. Vay chi ¢c6 mot gia trj cia x lam 1Al=0, délax = 2.
Thiye ra nhin ma tran (a cing thdy ngay khi x = 2 thi dong thi nhit va
thir ba ty 1€ v&i nhat v chi ¢6 mot gid 1 x = 2 1am triét tiéu 1Al vi khai
(rién dinh thidc |Al theo dong thit ba ta dirge mot da thirc bac nhat d6i
véi X.

30. Trudc hét (1, Ji} la doc 1ap wyén tinh, n€u khong ta s& cé
2 biéu thi tuy€n tinh qua |, nghia Ia s& ¢6

\/E =2 i p.qeZ,q=0.
q
Binh phuong hai v& cta ding thifc ta duge :

ot
q
hay

n 2¢° =p.

Viy 2 c6 mat & v€ trdi cia ddng thdc véi lity thira 18 va & vé phai véi
lily thira chdn, mau thuin vdi su phan tich duy nhit mat s6 nguyén thanh
thira s6 nguyén t6. Vay hé { I, V2 } doc lap tuyén tinh.

Gia sirhe {1, +/2 ,4/3 } phu thuoe tuyén tinh. The thi ta phi c6 V3
biéu (hi tuyén tinh qua | va NR nghialacé A,, A, € Qsao cho:

3 =a 0+ 0,42,

Binh phuong hai v& ta dugc :

=00+ 20+ 20 M2
Né&u A, =0, 1a s ¢6 :

r2
3:—2 r,SeZ.S#O
s
hay
) s’=r
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Ly luan nhu d6i v6i ding thire (1), ta di 16 mot mau thuén.

Néu A, =0, tas€ cH:

3:2“— v,veZ ve0
2
v
hay
4 3vi= 20

(3 ding thic (4), ta cing di 16i mau thuin nhu véi (1).

Néu A, va A, déu khac khong, tir ding thic (2) ta s di (6 V2 13 mot
s hitu ty, nhung diéu nay ta di thdy la khong thé s.xy ra dugc & ding
thire (1). Ké lnan he {1, x/‘ \/_ 3 | la doc 1ap tuyén (mh cho nén hang
cua hé 13 3.
31. Ta hiay chimg minh bing quy nap theo n ring h¢ vecto {f,},.., 1a
doc 1ap. Khi n = 1 he {[,} hién nhién 13 doc lap tuyén tinh vi f,
khong phai 12 ham 0. Ta gia sir (£}, {5, ..., {, .} doc 1ap tuy&n tinh. N&u
I, o £, 4, £,) phu thuéc tuyén tinh thi 1a phai ¢6 f, biéu thi tuyé&n
tinhquaf,f,, ..., 1, ,, gid st

fo=hfi+ .+ AL+ +A [,

hay vitimoi X € R, tacd :

(1)  sinnx = A8inX + ... + A sinkx + ... + A, ,sin(n- )x

trong dé cdc A, khong ddng thoi bing 0 vi 1, # 0, giad sir A, 2 0. Liy dao
hiun hai 14n hai v& cia (1). Ta dugc :

(2) -nsinnx = -A,;sinX + ... - A, k’sinkx + ... - A, _,(n- 1)’sin(n - Dx
hay chia hai v& cla ding thic (2) vdi -n’, ta dwe -

) A A, A
(3) sinnx = —s8inx +. +—-smkx+ 4L gia(n - Dx
nz nz rl2

Vi (f,, ..., f, .} 12 doc lap, nen f, bi€u dién mot cdch duy nhdt qua

ching. So sénh (1) va (3), ta phai ¢6 cdc hé s6 clia v& phai bing nhau, cu
thé ta phdi c6
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A =%
k nz
1
hay h[i— 2]:0
n
Nbung | - Lz #0vin# [, vay A, =0, mau thudn véi gia thiét A, # 0.

n

v@‘y hg {fl’ f2’ [AEE] f|\} =N

CO SO CUA KHONG GIAN VECTO

32. Chc he vecto sau ¢6 phai 13 co s& cia khong gian vecto R® hay
khong?

Do, =0,0, D a, =0, 1,1, a, =(1.1,);

b) B, =(4,2,-1), B, =(0,2.-1), B; =(-2.0, ).
33. Véi gia tr) nao clia x d¢ cac vecty CT; =(x, I, 0, ;.: =(1, x, ),
c;: = (0, 1, x) 1ap thanh mot ¢ 8 cilia khong gian R ?

34. Trong c4c he vecto sau ¢6 tdn tai mot co sd cha R* khong ? Hay chi
ra cic co s& dy néu 6.

Ao, =(1,0, 1), a, =3, 2,0, a; =123, a, =(3,0,-2):
BB, =(-1,0,2) B; =(0,3, 1), B, =(2,9,-1). B, =(-1,-15,-3).

35. Trong RY, xét tap

W = ((ay, ay, a3, a,) | 2, + 2, + as+ a, = 0},
a) Chilng minh ring W 1a md1 khong gian con cha R™.
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b) Chitng minh ring cic veclo

@, =(1,0,0,-1), &, =(0,1,0,-1),

;3. =(0,d, l’ -I)v a4 2(13 ]"I.-l)

thudée W,
¢) Tim co s& va s68 chiéu ctia W.

36. Goi P, 1a khong gian vecto g6m da thire 0 vi céc da thie f(x) € R[x]
¢d bilc f(x) < 3.
a) Chitng minh ring hai hé vecto

— ——

a, =1, o,

o B
=X, a, =x, o

4 =X

B, =L B, =(x-2), B, =(x-20", B, =(x-2)°
lit hai co s cla Ps.
b) Tim ma tran chuyén 1ir co s& thif nhat sang co SO thit hai.

¢) Tim toa do cua vecta

a=x-2x+1

do vl ca s& thit hai.

37. Cho hai hé vecta :

@, =0, 1.0.2, a, =(1,1,0, 1),
(1)

— —_—

a, =(1,2,0, ), a, =(-1.0,2,1);
B, =(1.0,2,-1), B, =(0,3,0,2),

2) . B
By =(0, 1,3, 1), B, =(0,-1,0, 1)

trong kKhong gian vecto R
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a) Chimg minh chiing 13 hai co sd cia R*.
b) Tim ma tran chuyén tir co s& (1) sang co s (2).
¢) Tim toa d6 cia a = (2.0, 4, 0) d61 v&i co sa (2).
d) Tim toa 40 cua a d&i vé6i cosd (1).
38. Trong K - khong gian vecto V, cho hé vecto doc 1ap tuyén tinh

—_— o —  —

{a,,a,.0,,0a,1,

U la khdng gian con sinh boi {c-x:, ;; R a—; }, W la khong gian con
sinhbdi {a, ,a,,a, }.

a) Ching minh ring U A W ¢6 co s3 gdm c:L_2 . a—_‘.

b) Tim co s& va s6 chiéu coa U + W.
39. Gia sir U va W 1a hai khong gian con cia khong gian vecto V. Chimg
minh ring V= U + W va U A W = {0} khi vi chi khi m&i @ e V c6
cdch bi€u dién duy nhét dudi dang @ =B +7.véipeU.jeW.

Trong tnrong hop ndy ta néi ring V la t6ng truc tiép cha hai khong
giancon UvaWvavistV=U@W.

40. Xét R - khong gian vecta R* cic him s thuc x4c dinh trén R. Dat E
Ia bd phan cic ham s6 chin va F 1a bo phan cdc ham s8 1. Chitng minh
E va F la nhimg khong gian concia R* vaR* =E® F.

41. Xé1 khong gian vects R® (xem bai 40).

a) Chimg minh ham f: x 5 cosx thuge E va ham g : x b5 sinx thuge F.

b) Chiing minh khong gian con E, sinh hdi { chda trong E va khong
gian con F, sinh bdi g chita trong F.

¢) Ching minh {f, g} lamot cosdcua E, + F,.
d) Trong R® xét ba ham sau day :
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h,:xPsin(x+1)
h, (X sin (x +2)

h, : x> sin(x +3)

Chting minh ching thudc E, + F,. Ching minh {h,, h,} d6c 14p tuyén
tinh. Viét h, biéu thi tuyén tinh qua h,, h,.

e) Viét ma trin chuyén ti¥ co s& {f, g) sang cosd {h,, h,}.

Loi giai

32. a) Xét ma tran cla cic vecto a, , @, , Oy

0 01
A=011
1 11

— el  —ae

Tac6lAl=-120.Vay{a,, a,, a, } Amotcosdcia R®.

b) Ma tran cita {B,, B,, B, } c6 dinh thic bing 8, vay he vecto
thanh 14p mét co sd cita R®.

33‘Xétmatrancﬁa{;:,c_z;,;.:}

x 1 0

A=|1 x 1

01 x .

Ta c6 Al = x(x* - 2). Day 1a m6t da thdc bac 3 ¢6 3 nghiém : 0 va
++/2 . Vay IAl # 0 khi x khong 18y gi4 tri nghiém cha da théc.

—_— = e

34.2) XétmatrAnclia (a,, o, , a, }

1 0 1
A=|3 -2 0
3 0 -2
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Taco 1Al = 10. Vay tacé thé Iy {a, , a, , a, } lam co sd cho R,

h) Ta ¢6 thé thdy ngay { E; . [?; } doc lap tuyén tinh va E; = -2[?; +
+3B,. B,=B, -5B,.Vay hang cia {B,, B,. B,, B, } bing 2, he
veetd khong thé c6 mot hé con 1am co s& cho R? .

35. a) Trude hét W = & vi (0. 0, 0, 0) € W. Mat khidc xét (a),., ..,
(h|)|-,|~_4 e Wvake R Tacé

(a), a5, 2, ) + (b, by, by, b)=(a, +b,a. + b, a,+ by, a,+b) e W

vi Ya, +b)=Y a,+ Y b, =0;

1s1<4

A(a;, a,, a,, 8,) = (Aa,, Aa,, Aa,, Aa,) e W

vi Aa, + ha, + Aay; + Aay, = A(a, +a, + a,+ a,) = A.0=0.
b) Hién nhién.
¢) Ta thiy ngay a_; = a_; + a—; - a__; vi ma trdn A cba

(o, &, , a4}

1 0 0 -1

A=(0 10 —|

0O 0 1 ~-{
¢6 dinh thifc con cdp ba nim & goc trdi bing 1. Vay cd thé ldy
fa,, a,,a,}lamcosdcho W, do d6 dim W = 3.
36. a) Ta bigt moi [(x) € P, {(x) = a, + a,X + a.X> + a,X’, viét duy nhit
Juai dang

f(x) = a(,a_; +2a,0a, +a2(-1__; +a_,;:.

Viy {a,, a, . 0;, a, | lamot cosdcia P, goi la co sé chinh tic.
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Mt khic, dp dung cong thire Taylor cho f(x), ta cé

fx) = f(2)+ﬁ( B IRNC) 2(2) -2y ‘2’( 2y
vil dang trén 1a duy nhat. Vay hé vecto

(B, =1.B, =x-2. P, =(x-2% B, =(x-2)")
la mot co sd cia P.
b) Taco

B = o,

B, =2a, +a,

B, =4a, -4, + o, ((x-2) =4-4x + %)

B,=-Ra, +12a, -6o, +a, ((x-2)'=-8+ I2x 6x" + %),

Vay ma trin T chuyén @ cu sir {;1" } sang car sd Bﬁl } (xem §1, 1.10)

I -2 4 -8
0 1 -4 12
0O 0 I -6
0O 0 0 l

T=

d) Theo (1) toa d6 cha f(x) = x* - 2x + | d6i vdi co sd {E }ieaes 12
=5, p@)=10, L3 _¢ 12 _
2 6

37. a) Tinh dinh thic cda cic ma tran lam thanh bdi hé (1) va (2), ta 1dn
lugt ¢6 2 va 15, Vay (1) va (2) la hai ca s& cta R,

h) D€ tim ma tran T chuydn (X cu s& (1) sang co s&v (2) ta phai 14n

Lt tim tga dd cha cic B, qua coysd (1) . Gid sit ta ¢é
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pa—

B, =(1,0,2,-1)= 0, 1,0,2) + A1, 1,0, 1) +

+0(0.2,0, 1)+ X,(-1,0,2, 1)
Ta di t&1 hé phuong trinh Cramer d6i vdi A, :
At Ay A =1
A+ A +2), =0
2n,=2
2+ A+ A+ Ag=-1

Giai h¢ phuong (rinh, ta duge [T; =2a

, +20, +00, +a,.
Tién hanh twong tr d6i véi céc B, cdn lai, ta duge :

—_— e e— e

B, =a, -2a, +2a; +0a,,
—_— —_— — — 3—_.
B, =—al+a2+—2-a.3+—a4,
— ]_. J— J— —_—
B, 5a,+ a, ——a, +0a,
Viy matrdn T la :
: , N
-2 1 -1 —
2
2 -2 | %
T= I3
0o 2 - -=
2 2
3
| 0o = 0
2 /

d) Lam tuong tu nhu trong b), ta duge

& =(2,0.4,00=3a, +5a, -a, +2a, .

Viy toado cua o do vdi cosad (1) 1a -3, §, -1, 2.
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c)yDatg’|, £,, £y, £, 12 cdc toa do cia @ d6i vai co sy (2), ta duge -
(2,0,4,0=5"(1,0,2,-D+E,0,3,0,2)+ 40, 1, 3, 1) +
+E£°(0, -1, 0,1)

Tiur d6 ta dugc mot he Cramer d6i vé6i &'y, &, '+, §'4 . he cho ta
£ =2,8,=2/5E,=0, £, = 6/5. Biét ma trin chuyén ti ca s& (1)
sang co sO (2) va bi& cdc toa dd clia @ d6i vdi co sd (2), ta co thé viet
cic toa do &, £y, E,, E, coa a d6i vai co s (1) theo cac cong thic cho
trong (81, 1.11):*

§1=-2§’.+§’z-§‘]+%§’4=4+2/5+3/5=-3

§z=2é‘1-2&‘:+€‘3+%§‘4=4-4/5+9/§ - s
A O T

§3=OE,H+2§1+5&_,-5&4:4/5-9/5 = -1

‘ 3
E, =&, +08, + 5‘&.\‘1 +08", =2 =2

Ta fim lai cdc toa dd cia o ma ta d3 im thay bang c4ch bidu dién o
tric (i€p qua co s& (1), didu ma 1a da trinh by trong d).
33. a) Trude hét ta c6 a_;, a—3 € UmW‘M:)lkhzic,giz'xsirE eUnNW,
théthi B e Uva P e W.

Vaytacé:

§) =X, 0, +X,0, +X:0,,X €K,

- —_— —_— —_—

B=y.a, +y,a, +y,a,.y, €K
T v€ véi vE cac dang thic trén, ta duoc :

0 =xya, +(x;-y)a, +(x;-yDo, -y.a, .

Nhimg hé vecta { ¢_z.,‘ }Jh-q 12 d0c 1ap tuyén tinh, nén ta phdi c6 x, =0,
Xy =Y, X3 = Yy, Ye= 0.
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Viy moi [_3 e U Wed dang

B=x,a2+x,a3, x, €K, i=1,2

Thém nita {a, , a.-; } 1a doc 14p tuyén tinh vi I h¢ con ctia mol he

. —

doc 1ap tuyén tinh (xem §1, 1.6, h¢ qua 1), vy {a, , o, } 1a mot co so
ciaUn W,

b) Gid sit B € U+ W, B sé la tdng cha hai vects E+7
v6iEe Uvifie W. Vay B s&c6 dang :

- — —_— — — _ —_—

B=xa +x,0, +X,0; +y:a, +y;a; +Yy,a,
13 1

=x0, +(X;+y)a, + (X + Y0y +ya, .

Nhu vay moi ﬁ € U+ W lamot to hgp tuyén tinhcla a0, @, , o4,

—_—

a, , ma cic vecto nay lai doc 1p tuyén tinh. Vay chiing 1ap thanh mot
cosdcia U+ W.

39.Gidsirc6 V=U+WvaU~W=1{0).Moi & e V c6 thé viét dudi
dang

(n G=B+7 ;BeU,jeW
Gia sirta con c6 :
2) &=|—3:‘+;‘;|_3.'6U,;‘GW

Trir v& véi vE céc ding thire (1) va (2) :
0=(B-BrY+(¥ -7)
hay UsB-F=-(F-v)eW

ViyB-Pvaj-y eUnW=(0]:wdsB=Fvay=y.
hay (1) a dang duy ahit cva a .



bio lai gia sir (1) 1a dang duy nhft cia avé moi a € V. Xé
a eUNnW.Taco a € Uva a € W; viy ta ¢6 thé vi€t a du6i hai
dang

&=&+6;& eU,(-) eWw
&=6+&;[—)eU,&eW.
Vi & chi c6 mot dang duy nhit dusi t6ng clia hai vecto, mot thuéc U
vi mit thugc W, cho nén ta phii ¢6 a = a‘nghia laUn W= (6}.

Khhv=U+WviaUnW= {6} ngudi ta néi V 1a téng truc tiép clia hai
khong giancon Uva W, vavistV=U® W,

40. Trudc hét E va F khac rdng vi ching han ta o6 ham f: x — cosx thude
E va him g : x - sinx thugc F. Gidsirod [, [, e Evak € R. Taoo

() + £)(-x) = 1,(-x) + ,(-x) = ;(x) + £,(x) = (1, + £,)(x),
A, (%) = MI,(-x)) = M[(x)) = A (x)

vidi moi x € R. Vay f, + 1, € E va Af, € E, do d6 E la mot khong gian
con. Chimg minh twrong tu ta c6 F 1a mot khong gian con.

Gia st f € R*. Ham
X % (f(x) + f(-x)) = h(x)
hién nhién thuoc E, va ham
x> % (€00 - (%)) = k(x)
thudc F. Tir d6 ta c6
f(x) = % (100 + (%)) + % (f(x) - 1(-x)) = h(x) + k(x)

Viay R® =E + F. Mt khdc xét f e ENnF. Tacd f € Evaf e F, vay
1(x) = f(-x)

I1(x) = -f(-x), vdi moi x € R.
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Cong v& vai V&, ta duge
2f(x)=0
hay f(x) =0, vdi moi x € R.
Vay ham flaham O,1asuyraE~F= {0}, vaR* =E®F.
41. a) Ta c6 cos(-x) = cos(x) véi mot x € R, vi sin(-x) = -sin(x) véi moi

xeR,viylfe EvageF.

M Tac6E, = {Af|h e R} vaF, = (pg | p &€ R}(xem bai tap 14). Tiy
décothé thady E, c EvaF, c F.

¢) Vi En F = {0} nén E, ~ F, = (0). Cho nén téng E, + F, 12 16ng
truc 1i€p. Mbi h € E, + F, s& viét duy nhit dudi dang (xem bai 39) :
h=AM+pg, M e E,pupeF,.
Diéu d6 chimg 10 {1, g} lamot cosdcta E, + F,.
d) Ta lin heot c6:
sin(x + 1) = sinlcosx + coslsinx
sin(x + 2) = sin2cosx + cos2sinx
sin(x + 3) = sin3cosx + cos3sinx
vii moi x € R; vay :
h = (sinDf + (cos])g
h, = (sin2)f + (cos2)g
h; = (sin3)f + (cosd)g
hay h, e E, +F,1=1,2,3.
Xét ma trin cic toa do ciia h, va h, d6i vdi ca sa {f, g) :

T- sinl  sin2
cosl  cos?2
Ta c6 ITI = sinlcos2 - sin2cosl = sin(-1) # ().

Viy {h,. h,} 1a doc lap tuyén tinh, cho nén (h,, h,} thanh ]ép mot co
sOcia E, + F,.
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Vi {h,, h,} 12 mot co s, nén (n Lai X, A, € R duy nh4t dé :
sin(x + 3) = A, sin(x + 1) + A,sin(x + 2), Vx € R
Buo ham hai vé, ta dugc :
cos(x + 3) = X ,cos(x + 1) + A,cos(x + 2)

Khi x =0, ta duge :

sin3 = A;sinl + A,8in2

cosd = A, cosl + A,cos2
iy 1a mot hé Cramer doi vidi A,, X, ma nghiém la -1 va 2cos].
Vay sin(x + 3) =-sin(x + 1) + 2coslsin(x + 2), nghia la

h, = -h, + 2h,cosl.

¢) Ma tran t¥ co s {f, g} sang co sd {h,, h,} chinh la ma trAn T
rong d).
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Chuong 111

HE PHUONG TRINH TUYEN TiNH

§1. TOM TAT LY THUYET
Gia sit K 12 mot trudmg ; ta dat van dé gidi hé phuong triinh tuyén tinh
véi m phuong trinh van dn wén K :
(N a,X, +2,% ...+ 3,.X. =b (I <i<m).
Hé (1) cho ta ma tran A cic hg so

ay A ot Ay,
A=|220 222 ' A
A Apy ot Ay,
va ma tran b8 sung B
ay A, o, by
B=|221 f: o2 by
4w A2 7 Ay bm

Ta goi S 13 tdp hop cdc (X, Xa, ..., X,) € K" thdéa mdn he¢ phuong
trinh (1).

1.1. Dinb 1y Kronecker - Capelli
S# QD < hgA =hgB.
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Nhur vay khi cho hé (1), néu hgA # hgB, ta néi ngay (1) v6 nghiém ;
néu hgA = hgB, ta s& gidi hé phuong trinh (1).
1.2, Cich giai hé (1) (ta phai chic chin c6 hgA = hgB thi méi dat vin
dé giai)

1.2.1. He phuong trinh {a vuéng (n = m) va Al # 0. Trong truong hop
ndy (a c6 mot he Cramer, (1) chi ¢6 mot nghiém duy nhit cho bdi quy
tic Cramer ma ta di bict trong chuong 1.

1.2.2. Tnrong hgp t8ng quét. Dat r = hgA, d6 la cdp clia mot dinh
thite con A 14y ra ti A sao cho gid tri ctia nd khac 0 va moi dinh thitc con
cidp r+ | My ra tir A va chifa A déu bing 0. C4c dong cua A xdc dinh céc
phuomg trinh chinh, cée cOt cha né xéc dinh cdc d@n chinh. Céc phuong
trinh v3 4n cdn lai, néu o, 1a khong chinh. He (1) lic dé nromg duong
vii he gém r phuong trinh chinh ; ta cho nhimg gid tri tdy y cho (n - r)
an khong chinh, tiép d6 ta giai mot hé Cramer d6i véi cic 4n chinh trong
cc phuong trinh chinh, |

Chi ¥, trong thuc tidn, ngudi ta thuomg dung phuong phiap Gauss khir
din cic 4n s6 d€ xem hgA c6 bing hgB va néu ching bing nhau thi bt
ddu gidi (tren mot he don gidn hon hé ddu tién vi mot s6 4n da bi khir,
didu thuong lam & trung hoc).

1.3. Truomg hop dac biét : hé phuong trinh tuyén tinh thuin nhit (b, =0,
1=1,2,...,m)

Trong trudng hgp niy S 1A mot Khong gian con cta K* ¢6 chiéu (n - r).
Mbi cd s cda S goi la mot hé nghi¢m co hin. Nhar vy ta chi cdn biét

mot he nghiém co ban (g6m n - r nghiém), cic nghigm kh{u, s 1a cAc 18
hyp (uyén tinh cia hé nghiém cd ban.

1.4. Quan hé giita nghiém cuia hé (1) va hé phiong trinh tuyén tinh
thuan nhit (2) dugce tir (1) bang cich dit cicb, =0

"Goi S, 12 tap nghiém cua (1), S, la tap nghiém cia (2), va y, €8S,.
The thi

Si={y, +7: | Y. € Sl
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§2. BAI TAP

DIEV KIEN TON TAI NGHIEM

1. Hé phuong trinh nao sau diy c¢6 nghiém ?

a) 3xl+ X, =4
Xy + X, =2

5%, *5x2 +8x1—7x4—1

2"1 +2x2 1x1—4x4=l

2xl —2x2 + X3 - x4=3

X| = Xp+ Xy 2x4=l
X[ = x2+2x1 =2
L){

+ Xy— X, = 2
X +’§x2 X4 +2X, 1
x| —4x, - ‘%x3—3x4=—7

\xl+2x2 Ay -4x, =1

rx|+'£x2+ A, -3x, + Xq=10
& X| ¥+ X5 = X3 =5x, +7x5=I

Xy +2Xy +4x, -84 =2
l 4xa+ X, =~ xg=3

2. Chiimg minh dinh Ii, muc 1.2.b), §1.
3. Tim diéu kién cdn va di dé h¢ phuang trinh sau ¢6 nghiém :

ax + X, + x3=1 x+ay+a21=a3
a) | X, tax, + X5 =1 b) X +by +bh2z=h

2
X+ X, +ax, =1 x+cy+czz=c‘.



4. Giai cdc hé phuong trinh sau :

N I, +2X5 + X3 — X, ~ X5=7
A b *
2xl +3x, +2x3—2x4-2x5 =8

2 +3x, + x3 =1
b) 14x, +6x, —57(3 =2
6x| +9x2 —4)(3 =2

X+ Xy = Xa+ X, = 0
2x|+2x2+5x3—3x4= 0

c)
7x3—5x4=—l
I, +3x, +4x,-2x, = 3
X+ Xy —2x,+ Xy~ xgq=1
" 2x|— x2+7x3—3x4+5x5=2
X) 3%, -4 +5x, - TXg =3
‘3x|~2x2+7x3-5x4+8x5=3
[ Xy — 2y 3%y — 44X, + 2xg =2
xl+2x2— X3 - X5 =-3
€) § X = X5+ 2X4 - 3x, = 10
Xy — X3 + x4—2x5=—5
2x|+3x2 - Xy + x4+4x5= |

x+ y+ z=lI
f) ¢ ax+ by + cz2=d

a’x +b2y +c2z=42.

S. Vié&t phuong trinh dudmg tron di qua ba diém M, (2, 1), My(1, 2),
M0, 1).
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6. Tim c4c hé s6 a, b, ¢, d d€ d6 1hi cia ham s6
y=ax'+bx’+cx +d
di qua bdn diém M, (1, 0), M0, -1), My(-1, -2), My(2, 7).
7. Trong R* cho hai co sd:

e, =(1.0,0), &, =(0,1,0), &, =(0,0, 1)

vi €, =(2,-1,3), &, =(3, 1,2, €,=(0,4,5,
Hiy tim ma trin chuyén i co s& thi nhat sang co sd thit hai va tim
(0a do cia a = (-1, 2, 0) d8i vdi co sd thit hai.
8. Trong R’ cho hai co st
g, =(,1,-D, &, =(1, 1,0), &, =(2,0,0)
vh e, =(1,-1,0, &, =2, -1,0), £, =0, 1,-1),

Tim ma tran chuyén 1lr co s& thit nhit sang co s (h( hai.

HE PHUONG TRINH TUYEN TINH THUAN NHAT

9. Giat cdc hé phuong trinh :

. 3xl—4x2+ X,— X, =0
6x'—8x2+2x3+3x4=0

x|—2x2 +3x3 - x, =0
b) | Xyt Xg - Xq+2x, =0
4xl—5x2+8x3+x4=(l

X} +3x2— x3+4x4—x5 =0

o X, +3x, - X3+ x, +x4=0
2x]+6x2—2x3+ X, =0
3x|+9x2—3x3+ X4 +Xg =0
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2x
X, +X, +3x3+ x4:()

| ~ Xyt X4 +3x4 =0
d)
4x] + X5 -n-7)(3 +5x, =0

le — Xy +5x3 +7x4 =(.

10. Tim hé nghiém co ban cta hé phuong (rinh :

i)
2x,—x2— X 4 =0

b X, —2x2+x3—4x4+ x5=0
2x|—4x2—x3+ x4—2x5=()

—2x|+x2+ Xy~ X4 =0

c) X=Xy~ x3—2x4=0'

Sx]—x2—3x3—2x4=0

X, = 6x2—2x3+x4+x5+x0 =0
& 3x|—12x2—6x3+x4+x5+3x6=0
X, + 4x_2 - Xy + Xq— X, ={)
3x2 R T =0
[ %, + x, - 3xy =0
N X| = Xyt Xq+2x, =0 \
C) h
22X+ Xy —4X1+x, =0
x]+2x2—5x3—x4=()
.’ox,+x2+ x3—6x4—l2x5+3x(_:()
£) ¢ X, + Xy X4 — _‘ix5 ={)

Xy +Xq - 3)(5 - =,

11. V&i mbi hé phuong trinh trong bai 1ap 9, hiy tim mot cd s clia
khong gian cic nghiém.
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12. Cho hé vectd trong khong gian R*
o, =¢-1,2,4)., a, =(2,1,5), a, =(12, 1, 33),
Hiy tim cdc s6 x,, X,, X, sao cho
x.g:+x2;;+x3(;_:=().
13. Trong khong gian vecto R* cho hé vecta :
a, =(.LLD:a, =222, a, =3,0,-1, 1).

Hiy bidu thi a, =(-12, 3, 8, -2) qua hé vecto dii cho.

Laoi gidi

1.a) Taco

| =2 wva

- N
— )
N & W
]
7~
L

31‘

(cot 312 t6ng cha cor 1 va cot 2)

Viy hgA = hgB = 2. Ta ¢6 thé 14y hai phuong trinh cu6i lam phwong
trinh chinh, d6 la mot ke Cramer, né cho ta mot nghiém duy nhit.

b) Ta xét c4c phép bién ddi sau day trén cdc ma trin A va B :
1 -1 1 =2|1 -1t =21
I -1 2 —-1{2]/ 10 O 1 I |1 |>
5—58—73J 0 0 1 1 |-

Lo-1 1 =21
00 0 0]2
U I

Vay ta di t&i h¢ phuong trinh (vong dirng véi he di cho trong dé mét
phuong trinh coa hé la:
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Ox, + 0x, + 0x; + 0x, = 2.

Hién nhién mot hé nhur viy khong c6 nghiém. Trén ma tran cubi cing
1a co thé thiy :

2=hgA zhgB=23.

¢) Trong trudng hop nay ta ¢6 : 2 > hgB > hgA. Nhung ta nhin thdy
ngay hgA = 2. Vay hgA = hgB = 2. He¢ phuong irinh ¢ v6 sd nghiém.

dy G aay 1a ¢6 1Al # 0 ; viy hé phuong trinh la Cramer, c6 mot
nghiém duy nhit. :

¢) Ta ¢6 hgA = 4, do dinh thitc con nidm ¢ géce trai khac 0. Mit khic,
4 > hgB > hgA. Vay hgRB = 4 = hgA. He phurong trinh ¢d vo s6 nghiém.

2. X&t mot hé phuong trinh tuyén tinh trén mot truomg K
a,x, +... +a,x,=b,

(1) ) R

L Xy + .o +3,X, = bm

a) Biy gidr ta hdy xét he phuong trinh (2) sau diy, nhan duge bing
cdch déi chd hai phuong trinh th i va thit k cho nhau :

a,X; +... +a,.X,=b,

...................
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Hai hé phuong trinh (1) vd (2) chifa cac phrong trinh nhu nhau, hién
nhién néu (c,, ¢,, ..., ¢;) € K" nghiém (1) thi nd cing nghiém (2) va dao
lai. Vay (1) va (2) tuong duong.

b) Xét heé (3) sau day nhan duge tir (1) bing cdch nhan hai V€ cia
phuong trinh thik véi 0= X € K -

a,xX,+ ... + 3,X,=bh,
©) Aag X, + ... + Aa,X, = Ab,
amle ..o+ aﬂll'lxl'l = hru

(1) va (3) chira cac phuong trinh y hét nhau, tnr hai phuong trinh thi
k khic nhau béi nhan 1 A 0. Gia str (¢, ¢y, ..., ;) € K", Thé thi no la
nghiém cba (1) khi va chi khi né 1a nghiém cia (3). Thac vay :

BrCy + s F ByaCy = by 5 MBC, + oo+ Byc) = Aby
vi A= 0.

¢) Cuébi cing xét he (4) san day nhan duge tir (1) bdng cAch nhan hai
vé ciia phuong trinh thid k v8i 0 2 A € K r6i cong, v€ véi vé, vao mot
phirong trinh thit i caa he :

X, + ... +a,X, =

(4) - 1 ..............................

ﬂﬂ\lxl + ... + a'mnxn = bm
(1) va (4) chita cac phuong trinh y hét nhau trir hai phuong trinh thit i.

Giit st (¢, ..., &) € K" 12 mOt nghiém ciia (1). Thé thi ta ¢6 cic kéo
theo sau :

m n 1

a, ¢, .. +a b

{a“cl+...+a ¢ =b.
kncn: k

= (a, + ha,)c, + ... + (a, + Aa,, ), = b, + Ab,.



{(a“ +ha, ), +..+@, +ha e, =b +Ab,
a,c, +t..ta co =bk
= a'|lcl + - + ﬂan = b\

(do (a nhan ddng thic thif hai v§i A 16 trlr, v& véi v&, vao diing thirc thir
nhil). Ta nhan xét & day ta khong cin dén gia thiét A # 0 nhu trong b),
nhing A =0 thi (1) va (4) y hét nhau k€ ci thit tu viét, trong khi muc
dich cua viéc 1am 12 tao ra (4) khic (1), vdi s8 dn & phuong trinh tht i
hat di.

3.a)TacélAl=(a- 1) (a+2).

Truong hop 1:a# 1 vaa = -2, H¢ phuong trinh 12 Cramer, c6 nghiém
duy nhat.

Tricong hop 2: a = 1. Hé phuong trinh (rs thanh mot hé ¢6 3 phuang
trinh gidng nhau va bang phuong trinh

Xi+Xs+ X, =1

duge coi 1a phuong trinh chinh ma ta ¢6 thé 1dy x, 1a 4n chinh. Trong
truomg hop nay ¢6 vo s6 nghiém.

Trieomg hop 3 : a = -2. Hé phuomg (rinh trd thanh
2%+ X+ X,=1
X, -2% + X;=1
X+ X, -2x; =1
vii hgA = 2, hgB = 3. H¢ phuong trinh khong c6 nghiém.
K&t ludn : hé phuong trinh ¢6 nghiém khi viichi khi a # -2,
h) Qling lam nhur a). tnrde hét ta tinh Al = (a - b)(b - ¢) (¢ - a).

Truomg hop I : a, b, ¢ 461 m&t phan biét. Ta c6 mot heé Cramer véi
nghiém duy nhit.

Tricomg hop 2 - a =D, a # ¢. He phuong trinh thu gon tai thanh
{x +ay+alz=a’

X +ey+clz=¢?
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Hé phuong trinh (3 Cramer d6i vdi x, y ching han. (3 day ta c6 vo s6
nghié¢m.

Truong hop 3 : a="b = c. Hé phuong trinh chi cdn :
X+ay+a'z=a
Ta ¢6 thé 14y x tam 4n chinh, hé phiong trinh ¢6 vo s6 nghiém.
Vay hé phuong trinh c6 nghiém véi moi (a, b, ¢) € K.
4. a) Ta c6 thé 14y x, viL X, lam 4n chinh, tir d6 ta duoc :
{xz =6 -4x
X3 =-5+5xX) + x4 +xg5

He phuong trinh c6 v6 s6 nghiém khi gin cho x,, X,, X nhing gid tri
tuy y 14y trong K.

b) Tacé:
2 3 (|1 2 3 1|1 2 3 1|1
4 6 =52 >16 9 —4 (3| >0 0 0]1
6 9 —-412 6 9 -4(2 6 9 -412
Vay hé phuong trinh vo nghiém.
¢)Taco:
1] 1 -1 1] O I 1 -1 I} 0
22 5 =3 o0 22 5 -3, 0

A__>
O 0 7 -5|-1 0O 0 7 -5]-1
33 4 -2 3 o0 0 0] 23

H¢ phuong trinh vé nghiém.

d) hgA =3, hgB = 4. Vo nghiém.

| 0 0 0 0 0|-17
12 -t 0 -1]-3 2 -1 0 -1} -3
Il -1 2 -3 010|101 -1 2 -3 0f (0
0 I -1 1 -2|-5 0 t -1 1 -2| -5
2 3 -1 1 4] 1 7 2 1 1 4 [

-2 3 -4 2|-2
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Bang thit hai suy ra tir bang thit nhat bing cich nhan dong that ba vai
-1, dong thi tr vdi 1, rdi cOng chiing vao ddng thit nhit. He phuong trinh
vo nghiém.

) Ta c6 1Al = (a - b)(b - c)(c - a)

Truong hop 1 : a, b, ¢ 46i mt phan biét. Ta ¢6 mot hé Cramer véi
nghiém :
X = (d-b)}c-d) y= (a-d)}d-c¢) 4= {(b—-d}d-a)
(a-b)c—a) " (a-b}b-¢c)'  (b-c)Xc—a)’

Truong hop 2 : a=Db; a, ¢, d d6i mot phan biét. Trong truomg hop
nay hgA = 2, hgB = 3. Hé khéng c6 nghiém.

Truomg hop 3 : a=b, a#c,c=d HgA =hgB = 2. H¢ phuong trinh
1a Cramer d6i véi y, 2 :

y+z=1-x
ay +Ccz =c ~ ax
Ta duge y = %, z = 1. H& c6 v6 56 nghiém khi ta gdn cho x nhitng gi4
tri tty y.
Truomghop4 :a=b=c,a#d HgA =1, hgB=2. VO nghi¢m.

Triomghop5 :a=b=c=d. HgA =hgB = l.Tadm)c:x:l-y-z
vai y, z 1y gid tn wy y.

S. Phuong trinh dudng tron ¢6 dang :
x'+y -2ax-2by+c=0;a,b,ceR.

Vi dudng tron di qua ba diém M,(2, 1), M.(1, 2), M,(0, 1) nén ta
duye hé phuong trinh sau day d6i vaia, b, ¢ :

Hé phuong trinh 13 Cramer, cho ta mot nghiém duy nhdt: a=1,b=
1. ¢ = (. Vay phuong trinh cia dwdng tron la
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1)) X+y —2x—2y+1=0

ma ta con c6 thé viét nhir sau dé 1am néi bat tAm-va ban kinh clia duong
tron

(2) x=D'+(y-1)=1.
Viy tam la diém (1, 1) vA bdn kinh bang 1.

Ta ciing c6 thé cé6 ngay phuong trinh dudng tron néu ta xét tam gidc
M|M2M] :

"w

0 1 2

x

Trén hinh v€ ta thdy ngay tam gidc la vuong va can, dudng tron di
qua M,, M,, M, nhan diém giira (1, |) cia M,M; 1am tAm va ¢6 bén kinh
bing 1, 1ir d6 ta cé phuong trinh dudng tron duéi dang (2).

6.a=1,b=c=0,d=-1I.

7. Ma tran T chuyén tir co s& thir nhit sang co s thir hai chinh 12 ma tran
ma cac cot 1a cac toa dé cha cic vecto thude co s& thit hai d6i v6i hé co
s& chinh tdc, cho nén ta c6 ngay

2 -3 0
T=|~-1 1 4
3 -2 5

Ta c6 cic toa dd cla & d6i véi co s& tha hai la : —17/25, -3/25, 9/25.

99



8. Gid st Xy, Y1, Z, 3 Xau V3, 73 5 X3, Y3 74 12 toa dO cla 14n hagt cde vectw

€,.€,.&, d6i v6i co sd {e,.g,.€,}. The thi x,, y,, z, la nghiém cda
h¢ Cramer

X, +y, +27,= |
Xy +Y, = -1
-X, =0

Ciing vay, X,, Y., Z, 12 nghiém ciia h¢ Cramer :
Xs+VY.+22,= 2
Xy + Y =-1
-X» =0
Cudi cung, X, Y1, 2, la nghiém ctia h¢ Cramer :
Xy + Y, +27,= 1
Xa + Vs =1
X, = -1
Lin lugt giai ba hé phuong trinh Cramer d6, ta duece x, =0, y, = -1,
n=1ix=0y,=-1,2,=3/2:x,=1,y; =0, 2,=0. Ta chid y ta khong
¢iin viét hé Cramer thit ba dé gidi vi : = ; cho nén ta co lhc Vi€t ngay
£y =le; +0e, +0€5, do dé x; = |, y, = z, = 0. Mat khdc, ci ba he
phuong trinh déu c6 ma tran cdc hé s6 mi cdc cot I cde toa do cna cac
vector E—I- a: a_; va ¢t cdc s6 hang tu do 14n lug 1 cie toa do cha cac
vectd z; Z s_'; (d6i v hé ca s chinh tdc). Ta ¢6 thé viét ba he
phuong Irinh dudi dang ma tran nhu sau
boro2] 1| o2 1]
I 1 0)|-1|-1 i
-1 0 0] 0] 0 —1J

Chu y nay givp ta thue hié.n nhimg phép bién ddi trén ma tran trén dé
giai cling hic ba hé phuong trinh.
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Ma tran chuyén tir co sé thit nhat sang co sé thit hai la :

0 01
-1 -1 0
L 22 0

9. a) Ma trin cic hé s6 ¢4 dinh thite con cdp hai :

I =1
2 3

Ta c6 thé 18y X, va x, 1A 4n chinh :

{ X1 = Xg=-3x%, +4x,

=5#0

2X, + 3x, = -6x, + 8X,
Tir 46 :
Xy = -3X, + 4x,
x, =0
H¢ phurong trinh ¢6 vo s& nghiém khi ta gan cho x,, X, nhilmg gi4 tri
iy y, khong gian cic nghiém & dly c6 s chidun-r=4-2=2. Dé o
maGt co 55 cia khong gian nghiém, ta hily gin cho x,, x, cdc gid i (1, 0)
vit (0, 1) chang han, ta duge mot co s& lam bdi cde vectr sau day (he
nghi¢m cuo ban) :
(1,0, -3, 0)
©. 1, 4, 0)
b) Ta hay thirc hién nhimg phép bién doi 1rén ma tran céc hé s6

I -2 3 -1 5 -7 o
| I -1 2y{->|-7 1l =17 0|->
4 -5 8§ 1 4 -5 8 |
S -7 110 S =7 110
-2 4 -6 0> ]-1 2 =3 0>
4 -5 8 1 4 -5 L
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0 -14 22 0 3 0 I 0
-7 14 -21 0y —>|-7 14 =21 0O
4 -5 8 I 4 -5 8 1
3 0 1 0
- -1 2 -3 0
4 -5 R 1

Trén ma (rdn cudi cing, ta thdy ngay hgA = 3. Ta c6 thé Hdy x,, X,, X,
lim dn chinh, va gan cho x, nhimg gi4 tri thy y. Khong gian nghiém &
day cdé chién bing 1. Gidi hé phuang trinh d6i véi x,, X, Xy, ta duge :

L X, = 4x,
' ’ X3='3X|
X =0

Gién cho x, gid tri 1, ta duge mot co sd chi ¢6 mot vecto cia khong
gian nghiém : '

, (1, 4,-3,0).
Cic nghiém khac ciia hé phuang trinh sé 6 dang
A(l, 4,-3,0), X e K.

¢) Thuc hién nhimg phép bi€n d6i trén ma tran cdc hé s6, 1a duge
ma triin : .

(3 -1 4 -1
2 6 -2 5 0
i3 -1 0 0
1 3 -1 0 0

Viy hgA = 3. Ta ci thé 4y x,, X, X; lam 4n chinh va g4n cho x,, X,
nhimg gid tri ty §. Ta duge :

X3 =X| + 3X2
X, =0

X§=()
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Khong gian nghiém c6 chiéu bing 2, ma mot co st ctané la
(1,0, (,0,0),
0, 1,3,0,0).
10. b) Bi&n d6i ma tran cic hé s6

[1 -2 1 -4 1]_)[1 -2 1 -4 1]
2 -4 -1 1 -2 1 -6 0 -3 -
L&y X, va X 1am 4n chinh, ta duoc
Xy = -4x, + 8, + 7x,
Xs = 3x, - 6x,- 3x,
Mot hé nghiém co han :
(1,0, 4,0,3),(0.1, 80, -6), (0,0,7, 1, -3)
d) Sau khij bién d8i ma tran cac hé s6, ta duoc :
1 -3 -2 0O 0O |
[ -3 =2 0 0 |
1 7 0O -2 0 -1
0 A 0O -1 -1 O
Ta hay 14y x,, X, X, |12m 4n chinh, ta drge -
Xi= X+ 2X,- X,
Xs= X+ Xad Xg
Xo = =X, + 33X, + 2x,
Ta c6 mét hé nghiém co hin :
(1,0,0,1, -1, -1), (O, l.ﬁ._l 1,3, 0,0, 1,-1, 1, 2).

Ta chii y ring néu ta nhin ma tran irén, ta hoan toan co thé 14y x,, X,,
x, laim 4n chfnh va giai hé phuong trinh d6i vdi cdc 4n chinh d6 ; nhung
1&y nhu vay ta sé& bi hé s phan, ching han dong cu6i clng clia ma trén
cho ta
|
X = 2%, +;x e
diéu do6 sé phie tap cho ta khi GEp tuc tim X, va X;.
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¢) Bién d6i ma tran c4c he s6, ta due :

11 -3 0
V-3 0
L1 -3 0
01 -2 -1

Liy X, va x, lam #n chinh va gidi :
X, = X3-X,
Xs = 2%, + X,
Mot hé nghiém co ban :
(1,2, 1, 0),
-1, 1O

11. Da giai quyét trong bai 9.

12.

Ta hay tim X, X,, X5 8a0 cho :
Xi(-1. 2, -4) + X:(2, 1, 5) + x4(12, 1. 33) = (0, 0, 0)
biéu nay din t5i he phirong trinh :
J X+ 2%+ 12, =0
2+ X+ X,=0

-4, + 5%, + 33, =0

. Céic nghiém ctia hé ¢6 dung
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Chuong IV
ANH XA TUYEN TiNH

. §1. TOM TAT LY THUYET

1.1. Anh xa tuyén tinh
MO0t 4nh xa tuyén tinh (con goi ta déng cfu tuy&n tinh hay déng cdu
cha cde khong gian vecto) i mot anh xa 1 tirmot K - Khong gian vecto E
viio mot K - khoéng gian vectd F sao cho:
(1) f(X + X)) =f(X) + 1(X")
(i) 1(AX) = M(X)
v moi X.X'eE vak e K.
D¢ thdy (i) va (ii) tuong duong véi
FLR + ) = M(R) + pf(§)

viimoi x.veEval, pe K.

1.2. Pom ciu - Toan cau - Pang ciu
Dinh nghiu. MOt 4nh xa (uyén tinh dinye poi ta:
1) mdt don cAu néu nd 1h mot don dnh;
2) mét (oan cdu néu nd 1a mol 10dn 4Anh;

3) mot ding cdu néu né 12 mot song dnh.



1.3. Su xdc dinh mot :dinh xa tuyén tinh

Gia str (;;c_; ..... c_,:} & mdt co 53 ctta K - khong gian veeto E va
b_|b_g-i 1a n vecto (khong nhit thiét khic nhau) cia K - khong
gian vecta F. Thé€ thi t6n tai duy nh4t mot dong ciu f: E — F sao cho
f(c,)=b;". Ta c6 I'la don cdu khi va chi khi hé vecto E;,...«bn la déc
1ap tuyén tinh ; f 13 ding cdu khi va chi khi he vecto a ..... B_,: 1a doc
1ap tuyén tinh (61 dai.
1.4. Anh, hat nhan cia mit 4nh xa tuyén tinh

Gia st f: E > F 12 m6t 4nh xa tuyé&n tinh.

1) Vdi X 1a mot tap con cua E tap hop:

F(X)= { ye Fi; = f(X).x € x}

diroe goi §a dnh cha tdp X (bii f).

Néu X = E thi f(E) duge goi 1a dnft ctiv I (hési f) hay anh ciia f va
duoc ky hiéu bdi Imf.

2) V@i Y 1a mot tap con cia F, 1ap hop:

£1Y) = {;eE;fzt'(;)eY}

duge goi La dnft ngueoe cua Y (b f).

NéuY = {0} thi
(x) = 6}
duve goi 1a hat nhan ciia f, ky hic¢u Kerf.

Nhir vay:

£'(Y) ={;e E

Imf = {(E)
Kerf = ! (0)={x e Ei((;) =6}
Ta phai luén luon nhd rang:
Imf la mot khong gian con cia F,

Kert 1a mOt khong gian con cia E,
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va

€ 1a mat toan cfu khi va chi khi Imf=F.

£ 12 mat don cau khi va chi khi Kerf = (0)
1.5. Lién hé giira s6 chiéu cia anh, cia hat nhan va cia khong gian
nguon

Gia stir f : E > F 12 mét dnh xa tuyén tinh trong d6 E c6 sé chiéu hitu
han. Khi 46

dim E = dim Imf + dim Kerf.
1.6. Sy ding cfu cua hai khong gian vecto ciing s6 chiéu

Gia su E va F 1a hai khong gian vecto c6 s6 chiéu hilu han trén
trudmg K. Thé thi dim E = dim F khi va chi khi c6 mét ding cdu
f:ESF
1.7. Cac phép todn trén cic anh xa tuyén tinh

Cho hai khong gian vecto E, F trén truong K. Ky hiéu tdp hop cic
anh xa tuyén tinh tit E dén F bdi Hom(E, F). Trén tap nay c6 thé x4c
dinh phép céng hai 4nh xa v phép nhan mét anh xa véi mét s§ k € K dé
né lai trd thanh mot khéng gian vecto trén K.

1.7.1. Téng cua hai dnh xa tuyén tinh

Giasit f, g € Homg(E, F). Anh xaky hicubdi:f+g: E—>F
xdc dinh boi :

(f +g) la)=fla)+ gla) va <E
1a mo6t dnh xa tuyén tinh.
Anh xa tuyén tinh f + g duge goi la 18ng cuafva g.
1.7.2. Tich ciia mér dnh xa tuyén tinh véi mot vé huong

Cho f € Homg(E, F), k € K. Anh xa kf: E—> F
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xdc dinh bdi

®n (&)= k(f(&]] VaeE

I MOt 4nh xa tuy&n tinh. N6 duge goi 14 tich cua dnh xa tuyén tinh f voi
v htomg k.

1.8. Khong gian vecto Homy(E, F)

Vi phép cOng hai dnh xa tuyén tinh va phép nhin mot anh xa tuyén
tinh vin mot vo huing, Homy(E, F) 1a mot khong gian vectd (rén trrong
K.

1.9. T'ich ciia hai danh xa tuyén tinh

Gia st E, F, G 1a ba khong gian vecto trén trutmg K,
ttE>F g F>G
la hay dnh xa tluyén tinh. Khi dé
eitE-> G

1 mot anh xa tuyén tinh. N6 duge goi 12 tich cia hai dnh xa tuyén tinh
v g,

1.10. Endg(E)
Gia s E 1a mot khong gian vecto trén truomg K. Bit

End(E) = Homy(E, E).
Véimoi f, g, h € End(E) ta cé:

(Ig)h = f(gh);
[(g + h) = fg + [h;
(8 +h)=gf + hf.
End (E) 1a mot vanh goi 1a vinh céic tr dong cdu cla E.
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§2. BAI TAP
DINH NGHIA - TiNH CHAT
1. Trong cdc 4nh xa sau ddy, anh xa nao la dnh xa tuyén tinh:

AR > R M(x,, X, X3) =(x,, 0, 0);

b) g : R = R, a(x, Xaw X3) = (X;, -X,):

) h: R* = R* h(X,, X, X3, X3) = (X, + X2, Xq - X,);
Yk : R - R, kX, X, X3) = (X4Xa X3

e)1: R 5 R, Xu, X3) = (X,43, Xy, X3).

2. Cho f: V> V’ 1a mot &nh xa tuyén tinh va h¢ vectd a,,az,...,U._;

clia V. Ching minh ring néu hé vectd f(a, ). f(os)...., f(a,) doc lap
tuyCn tinh trong V' thi hé vecta di cho ciing doc 1ap tuyén tinh.

3. Cho V va V‘ 1a hai LhOng gian vecto trén truong K, {1 V —) V’ la mot

toan ciu, el e “' 1a mot cor s& cia V'. V& mbi 5 ' chon mot

J—

veeu ai sao cho f(a;) =& ,i =1,....n. Chimg minh ring:

a) He vecto GTAZ ..... Z ddc 1ap tuyén tinh;

b) Néu f 1a mot ding cdu thi ;,; ..... a_“- 1ap thanh mot ca sdcva V.

4. Cho V, V' ]1a hai khong gian vecto trén truong K véi s6 chiéu cia V'
hiru han, f: V. — V* 13 mot toan cadu. Chimg minh ring (4n tai mot 4nh
X (Uyén tinh g: V* — V sao cho fg 1a dnh xa ddng nhat trén V*. Anh xa
¢ ¢6 duy nhit khong?

5. Gii sir E = K[X] 12 khong gian vecto cc da thite cia dn X trén tnromg
K, vir p 1a mot s6 ar nhién. Xét ty dong ciu

ffE-SE
P {(P) = (1- pX)P + X°P’

tvong do P 1a dao ham ctia da thiie P. Chimg minh f 1a don ciu, nhimg
khong phai la toan c4u.
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Lo glal
1. Tat ca 1a 4nh xa tuyén tinh tnir d) va e).
2. Ta gid s V va V' la hai K - khong gian vectd. Gid su ¢o X,, X,
x, € K dé
X, @ +Xa0y +. X 0, =0
Ldy anh bai  cia hai V€, ta duoe:
flxyoq +.. 4 x,@ )—f(\|a|)+ +f(x @)=
= ‘qf(a.l)+ X f(a )= f(O) 0
Nhung [f(oT,) ..... f(;:)) doc 1ap tuyén tinh, nén x, = ... = x, = 0.
Didu db cho ta k&t luan hé {n—x_; ..... ;} doc 1ap tuyén tinh.
3. a) Ap dung bai 2.
b) Néu f la mor ding ciu thi dim V = n, do d6 hé n vects doc lap
tuy¢n tfinh ((Tl' ..... r-y:} 1a mot co sérena V.
4. Gia st {:[‘a_"-} Lumol co si cfia V*. Vi [ [ toan ciiu nén
[ ()20, Vi=1,..n
V& méi i, chon «; ef '(5;). ta e fo,)=x, .i= 12, ...
Xét anh xa tuyén tinh g: V* — V xac dinh bdi
g:;:—i F—)g(t:—i)zz;,i =L2.....n

Tacd, vl mbi x =x(&) +X369 +...+ X, 6, €V':

£
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Viy fg la 4nh xa dong nhit trén V°.

g ¢ thé khong duy nhat vi mdi ! (s,)¢6 IhE c6 nhidu hon mot phédn

wr. Ta I8y vi du toan ciu sau day:
f:R'>R

(X1y X3y X3) B X + X0 + X,

Xét co s8 {1} cha R. Ta 6 { (1) v6i rdt nhiéu nhidu phan (&1, ching
han (1, 0, 0), (0, 1, 0), (0, O, 1) déu thudc 1 '(1), tr d6 ta ¢6 rdl nhiéu g

saw cho fg = 1y, ching han:
X (x,0,0)
x (0, x, )
x - (0, 0, x)

..........

Ta chi y bai todn c the bod gia thiét dim V’ hiru han. -

5. Ta lan huot c6:
4] .
P=30 +ZaiX‘
i=1
n .
P':ZiaiX"'
i=1
n+l

X2P'=iiaixi“ =Y (-ha X

i=l =l
n+i

b3
pXP = pn,,X-eraiX'*' = ZP"’i-lX'

i=1 i=]
Tur do:
[(Py=P-pXP+X°P' =

[1]
=t + Y @ -,y (p+1-ipX’ +a,(n-p)X"*!
i=1

111



Gia str f(P) = 0, thé thi ta phai cé

a(] = ())
a=(p+1-1da,1=12,..,n
nghia ld  a;=a, =...=a, =0, hay P=0, hay { la don anh.

[ khong phai l1a toan dnh. Thit vy ta xét bic (P) = n. Hai tnrong hop
xily ra: hodc n = p hodc n 2 p.

#n=p,bac (f(P)=<n,
#n#p,bac (f(P)) =n+ 1.

Tir d6 ta thdy ngay ring khong co mot da thic P nao dé bac cilia f(P)
biing p + 1. Vay f khong toan 4nh.

ANH - HAT NHAN
6. Tim anh va hat nhan ctia nhimg dnh xa tuyén tinh trong bai tap 1.

7. Cho A va B la hai khong gian vecto trén truomg K, V = A x B 12 mot
khong gian vevta trén K vai phép cong va phép nhan vdi s k xdc dinh
nhr sau:

(07 B+ (2. B) = (g +oag iy +R).
k(. ) = (ke kfi)
(Xem bai tap 4, Ch.0).
Chimg minh rang:
2) Anh xa p: V 5 A x4c dinh bdi p(&,[-%) = 13 todn cfu;
) Anh xa u : B o V xdc dinh bdi u(f) = (0.f1) 1a mot don ciu.
Tim Kerp va Imu.

8. Cho f: V — V’ la mét odn cdu, he vectd &'|.6'y,.... '

Y, Jamot cosd

cha V. VS méi (—:.l' chon mdt € ¢8 dinh sao cho f(;) = s—, ,i=1,2, .0

L2



Goi W T khoang gian con ctia V sinh b hé veeto {x
U=Kerl.

R . ] B
| R g t. § Va

Chimg minh ring V=U ® W.

9. Giii st E 1h mot K - Khong gian veetd, E; va E, Iy hai khong gian con
cua E. Gia sir:

¢:E xE.>E

(x,,)(z)r--n(1 +X,
#) Chimg minh ¢ 12 mot anh xa tuyén tinh viy cho bict Imé.
h} Chimg minh Kerd ding ciu vii E, ~ E..
¢) Tir a) va b) hily suy
dim(E, + E.) = dim E, + dim E; - dim (E, ~ E.)

Khi dim E; va dim E. hitu han.

10. Gia sir E 1y mot K - khong gian veetat vi : E — E 1la mit tr ddng
ciue. Chirng minh

Iml=ImiFf < E=Keri @ Iml

(L. Gia s 2 E — F [a mdt danh xa (ayén tinh vis dim E = dim F = n.
Chiimg minh cac khiang dinh sau ki tuong duong:

i lil]ni\ﬂ anh;

i) t 1 don dnh:

1) 1 i song dnh;

iv) hgl=n (hang cia [, hy hico hg 1, dwdc dinh nghia bing dim(ImD).
12, Gid sir E 1o mot K- Khong gian veckr ¢6 so chicu bing n > 0, vi

I E — E i mot o dong ciu khiic 0. Gii st | 1a [uy linh, nghia 13
Ik e N dé " =0. Chimg minh " = 0.
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Lidi gridi

6. a) Ker £ = {(0, x., X3) | (x..x) € R*} = R,
Imf = {(x,,0.0) {x, e R } = R.
M Kerg={(0.x..00 | x,e R} = R,

Img=R"
O Kerh={(x,-x,y,» | x,ye R} = R
Inh=R"
7. a) Kcrp={(6,ﬁ)|ﬁeﬂ} =B.
b Imu= {((-),l—ﬂ)“—ﬂeB } = B.

8. Theo bai tap 3, hé veclo (:::} [a doe [ap tuyen tinh, nhir viy
he veett 1 mot e s@d ctia Khong gian con W sinh bdi cde veetar cia he.
Vay W =V’ bdi dang ¢l g mit sy Hn tai duge xdc dinh bdi quan hé
fe =1, (baitap 4).

Gid st x e V. Xétvecty - gl x ). Ta co
F(x —gl (%)) = F(x) = I y-F(x) = C(x) = Tix) = 0
Vay ;:;—gf(;)e Kerl . trong do g(l'(: N e (V) = W Tir da,
;-; +gf(;) e U+W.X& ze UnW. ze Uchota f(z)= 0. Milt
khic 2 & Wchota 7 = g(; ) Vi 2 e V. Tir dos:
0="1(z)=tg(r)= 2,
I

Viy = 2( 2= 2l 6) =0, nghtalaUnW =[(‘l} doddV=UDW.
Tir (Ong trye tidp nay ta suy ra:

dim V = dim(Ker) + dim(Imf).
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9. WImp=E +E..

h) Ta ¢6 Kerp= {(;::() X € E, nE,}. Xét anh xq sau:
t:E,nE, >Kerg

X > (X.—X)
Hic¢n nhién f la mot 4nh xa (uyén tinh vi 1a mot dang ciu,
) GiashdimE, =n, vadim E, =n,. Thé thi E, = K™ vi E, =K">.

THdoE, x E. = K™ x K™ = KM Viy dim (E, x E))=n, + n,=
dimE, + dim E.. Bay gitr 4p dung bai 8, ta e

¢im E| + dim E.=dim (E, x E,) = dim (Kcrd) + dim (Imé),
hay theo a) vib):
dmE,+ Ed=dmE, + dim E, -dim (E, ~ E,).

10, =" Tu Iml = bnt*. 4a ¢ ], 1h mot ding cau (i Iml 1én It

bat g Imf® Simf 1a ding cau ngige coa ) [, ta co tg = | va

(>

«(Im1*) = Imf. Ta & trong tinh hinh nhi bai tap 8, vay E = Kerl @ I,
=", Gia st E = Kerf” @ Imif. Viy Imt = [(E) = {(Imb) = Im( !

[1. Tircong thie dim E = dim (Ker 1) + dim (Imt) ta ¢ cae khiing dinh

1}, 1), 1it), iv) K tuomg dueng.

12, Trude hét ta chi v £ Khong the Ty mot dang ¢iu. Vi ndu ( 1h dang i
ta sC e
E=lmi=Im{"=._.=Iml"=0,

nhimg E di gid sir c6 86 chicu >0, vay E # 0 ; ['khong phili [h ding cdu,
thcobiitp 1, dimIm{<n-I.

Cic khong gian con Il Imf ... 1P Limihinh mot diy piam

Iml 2 Im(EY D e Imd ™y =5 ™'y o ..
Ta hily chimg minh ring ncu Im@# ") = Im(I' "), thi ta s¢ ¢6 Im({Y) =

Im (™) vati moi s > p+1.
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Thal vy, ta c6 cic ding thic:
tP(E)y=1""(E)
l-p-l»l (E) = l-p+2(E)
*HEY=1¥(E)
Trddtasuyralm Y =Im{IM v mots > p+ 1.
Bity gitv ta hay chimg minh "= 0. Gia sir " # 0. The thi tir day giam
n- 1> dim (Imf) > dim (Im(*) > .. > dim (Imf") > |
(a ¢ n 8O 1A cde dim (lml'i)| I <i<n, Ay pid trong {L2....,n-1},
(h¢ thi At phai ¢ hai s6 lién tiép tring nhan, gid sir dim (Imt' ) =
dimIml ™Y, vay Imf F=Iml ™', Nhimg theo trén, ta ¢ ¢o Imit " = Imf,
vl moi s 2 p+ 1T dé ImEh = im0 = Il ", vi do d6 dim(Imi' ™) = 0.

Nhimg diéu dé mau thudn véi dim (Im ™) 1dy gid i trong {1,2,..on- 1)
Viay phii co "= 0.

CAC PHEP TOAN TREN CAC ANH XA TUYEN TiNH

(3. Hom (V. V") 1a t3p hop cic dnh xacwayen tinh tie Khong gian vecta V
dén khong gian veetes V. Chimg minh ring Homg(V, V') 1a mot khong
g1an vectd trén trirdng K.

14. Xidc dinh { + g, gf v g trong cde (nkmg hop sau, 11 im hat nhin
cia ching:

A [2RY 5 RY X, X0 X3) = (X, X ()
2R R glx, X X = (X - X, 00 x0);
B) 1R = R (X, X2) = (X, + X, X, - X3)
g R 5 R ax,. x) =(2x,. 0)
15.Cho 12 RY = ROI(X,, X0, X)) = (2Xy, Xy- X%

20 R = R p(X X0 X)) = (%, - Xau Xy). Tim £ - g,
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16. Cho f: V > V', ¢: V = V' 1i nhimg anh xa tuyén tinh sao cho
Kerl = Kerg; hon nta I Ey mof toan cdu. Chimg minh ring t6n tai duy
nhdt mat dnh xa tuyén (hbhV' > V”” sao cho bl = g.

17. Cho I'va g 1a hai 4nh xa tayén tinh tr V aén V', Chimg minh riing

Ker(f + ) > Kert » Kerg.

I18. Cho 1: V = V', 2: V' — VI hai 4nh xa tuyen Ginh. Chimg minh riing:
a) Im(a) = g(Imt);
by Ker(g) =1 "(Kerp).

(9. Gid str 1 V = V' L mot anh xa tuyén tinh (rong d6 dim V vii dim V'

hiru han. Chimg minh ring I'Emot dang ciu khi vy chi khi na bicn mot
ca s ctia Vothainh mat cd st ea V©.

. Cho IV — V', gt V' 5 V' la nhimg dnh xa tuyén tinh. Chimg
minh ring:
a) Néu gf 1a mat dom ciw thi 1 L mot don ciu;
by N&u gf fa mdt toim ciu thi g 1o mat toan ciu.
2. Cho I: V 5 V' Ia mdt anh xa tuyén tinh. A Ta motl khong gian con
cia V, B 1h mot khong gian con cua V', Chimg minh ring
| '"(AY= A + Kerl;
hy 1t (B) = B ~ Iml.
22 Giasu E, Fi, F. litba K - Khong gian veend. Chdng minh
Hom(E, F, x F,) = Homg(E. F.) x Hom(E, F,).
23. GiasirE, E,, E. livha K - Khong gian veetd. Chwimg minh
Hom(E, x E., F) = Hom(E,. F) x Hom(E.. F).
24. Gia st E la mot K - Khong gian vecta 8 s6 chiéu hin han. bat

2" = Hom(E, K), E™ goi 1 doi ngdo cia E, mdi u € E™ goi 1a mot dang
luyén timh frén E. Chimg minh dim E" = dim E.
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25, Gii str E va F L hai K - khong gian veeter ¢ 86 chicu him han. Tinh
Jim (Homg(E, F)).

26. Gii str E 1a mot K - khong gian veeto, F 1a mot khnng gian con cua

E. Ta goi F 1a mot siéu phang cla Enéucomot a € E, a # (0 sao cha

E=F ®Ka . Chitmg minh F 13 mot sicu phing khi va chi khi ¢ mot
dang tuyén tinh u khac 0 sao cho F = Ker u.

27. Gia str E va F 1a hai K - khong gian vectir ¢6 s6 chiéu himu han. Xét
dnh xa ¢ xdc dinh nhir saw:
¢ : Hom(E.F) > Hom(F . E")
u - o(u):Fﬂ: S E
€3s80
trong do ET vt F7 L déi ngdu cta E va F. Ngudi 1a ky hicu ¢(n) bing 'u
vit goi 1 chuyén vi cha u.
i) Chimg minh ¢ 1a mot don cdu. ¢ o6 phai ¥ mot dang ciu khong?
by G st E = F, lic do ta co
$: Endy(E) > End, (E")
Chimg minh:
Pluov)=¢((v) ¢« Peu)

b(1,) = I,»’
dn ) = d(w) " (u la ding cau).

~ 2 » Py u \ R [ N 2 N < .

) Gid st c& E—— F—— G 1 hai dnh xa layen tinh, tie 36 co

< ‘v ¥ ! * P : 1 ot Lt N

G ——F —UL5F ;chimg minh'(veu) ="ue'vvdi 'u, 'v. '(vou) 1
chuyén vi cua u,v vii ve u.

28. Gid st E 1 R - khong gian veetos pom cdce da thite cia n x vai hé sa
thue ¢d bae € 3 va da thaie O, va o e mde e dang cdu ciia E xde dinh bdai:

WwpxX) S px+H+pix-h-pi(x)



wong do p’(x) 1a dao ham cua da thie p(x). Gia sir f 1a dang tuyén tinh
|

irén E 2 p(x) I—>J. p(x)dx =I(p).

Qa

a) Hiy xdc dinh dang wyén tinh 'u() = ¢.

b Trong doi ngdu E' cia E, ta xdc dinh bon phin wr «,;L;c;c:
bvi
* *
VpeE cp(p)=p,er(py=pb.
sk ' Ak ‘
Ca(p=p W,c (M =p(h.
Chitng minh B'= {cr.c;c’;;c:} A mot co saea E, va xae dinh
ot B= ey, ey, ea. ¢y ) et E d8 B 12 dai ngdu cia B, nghia 12
1 o .o
e, (c>I y=0, ti)=12234
¢) Tinh cdc toa 3o cia § trong casG R,
29, Gid str E lh K- khong gian vecto, via [ e Endo(E). Ta“goi 1 la by
ding néu F=1.
a) Chimg minh I ldy dang khi vi chi khi [, - 11D lug dang.
h)y Chimg minh néu { Tuy ding thy E = Kerl & I,
¢) Gia sir A va B la h.n l\hnns_ z_l.m con ¢t E xao cho E =A @ B vi
P E-> E 1a phép ~hicu: a +hish (.1 e AN eB). Chitng minh p*=p.

dy Gia sir 2 E — E 1d mot 1y dang. Tir b) hiy chimg minh 13 mot
phé)p chicu.

30. Gia sirE G R - l\huni_ glan vectr, Chu acR. 0 ecEvile Endp(E)

<o cho F =1,. Tim x € E sao cho x +(1[(‘< )_u .

Lo giad
L3, Ta lan lugn chimg minh Hom, (V. V) ciing v phép cong hai dnh xa)

tuycn tinh va phép nhan mot dnh xa tuyén tinh vai mot phan ar caa K co
cig-tinh chit sau day:
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D+ (g +h) =+ )+ h That viy, ta co:
(F (g + h))(X )= (X ) + (g + h) (x ) = £ )+ (g ) +h(x )
= (t'(;(—) + g(x—)) + h(;) (vi phép cong trong V' 1i ké hop)

=+ () +hx)= (T +2)+h)(x),Vx € V.
Viy tasuyrat + (g + h=l+ (g +h).

2) I+ ¢ = g + {. Chimg minh twromg .

DOV SV, X 50y 0+ 1=

-1V >V, x b —I(x). { + (-D=0.

YA+ =Al+ut; A, pe K, VoV

Thit viay. ta ci:

(v D (x) = (A + 10 (X)) = LI+ pi(x ) =
= (ADX +(ui)x = (M +phH(x ).Vx V.

MM F+p)=Al+Xdgi & e K, I, g € Him(V, V).
Chiémg minh tuong .

7y (A = Au): A € Ko e Homg(V, V)
Mylf=1t1e K {e Hom(V.V)H.

Ta nhan x&1 tAm tinh chilt cia ciu trie K - khong gian veeta duae
thda man do V' I mot K - Khong gian vecto; viée chimg minh tam (inh
chiit d6 y hét nhir Khi ta chimg minh bai ¢ap 4 cta chirong 11

Nhur vay Hom(V, V') [ mot K - Khong gian vecta poi W Khéng gian
vecter cade dnh o mvén tnh ur K - kiiong gian vecto V' vao K - khong
v veclo V',

T4 a) I+ 21 (X, Xay X} P (X X0, ) + (0 - Xao ) %) = (2K - Xay Xl Xy),

! g
ol (X, Xoy X3) B3 (X, X, ) B (%) - x4, D, ),
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e 1
o (X, Xa, X3) # (X- X0, O, %) B (X- X, 0, (),

Ker(i +¢) = {(0\0,0\)}.
Ker gf = {(x.x.y] X.y€ R} =Ker [g.

BY 1+ 20 (X, X2} B (X + Xa X - X))+ (2%, 0) = (3x+ Xy, X - X)),

u

2fh (X ) B (G T+ Xa Xy = X)) B (20 + X-4, ),

¢ 1
g (X, 3G) B (2%, 0 5 (2%, 2x).

Ker (1 +g) = {00},

Ker gf = {(x‘—x)[ X = R}.

Kerlg = {((Lx)‘ X € R}.
PSO - g (X X XA 2 (2X,0 X - X)) - (X - Xao X)) =AX, + X5, - X))
16. Gia sir ;fe V' VI Ta loan cig, nen (! (;") 2. Giasirx el (;') .
(he Thi (x)= y Ta hdy chimg minh £ (;): « + Kor £ . Hién nhién ta
e X+ Ker l'CI"l(}T). Gy s X;c I'_l();)lhi‘ thi l(x_,-):;,'\ Vity
I“(\T -\ =0, hay ; ~xeKerl . hay x_; “x+7 v ze Kerf, vy
-\“ cx o Kerf hay I'"I(;') <« + Kerl . Tir hai bao him thiic do ta c6
:+]~;crf:f“'(;‘). Vi [y iy ¥ trong I'AI(;). nén fa cling cd

v Rer b=y o+ Ker £ vii xx El'_l(_\’)-

Ray gict ta hity Xay dumg dnh xatuvén tinh h: V' - VO Liv ve V'

_ dal -

v—auw T (V) = X+ Kor g (\) )
Vin d¢ ddt ra [x h tnede het el phai K mot dnh xa khong, nghia L
néu ta 1ay mot x—l khic x . nhimg van thuoe |7 (v).thi g(x-,')u‘- biang

;_'(;)I\h(mg K \_{ = f"(;) =v+Kerfox+ Kerg (Kerf < Kerg), vay
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X = Ntz2z € Kerg, cho nén g(x | )= g(;). nghia {3 h xdc dinh nhu vy

L mot dnh xa.
bE chimg minh h 13 anh xa (uyén tinh, ta chi cin chi y riing
£ (y) = x + Ker f.
£ (y) = x' + Ker I,
i (; + ;'): X+ x' + Ker (.,
(! (X;’) = Ax+Ker f.AeK
ta ¢ duaoe
\ +VI—); +;‘+Kc-r[ I——)h(;+;'):g(; +;')
= g() +g(x) = h(y) + h(y")

Ay > Ax + Ker £ 5 h(Ay) = g(Ax) = Ag(x) = A(v).

Hi¢n nhi¢n ta cd hi' = g, vdi h xay dimg nhu vy, Gia siredd h': V' —

V"' A& KT = g. Ta iy chimg minh k' = h. Thily vay g sir ;/e V' oVit i

Lot anh, nén IxeVixi=y. Tir do ta

h(;') = h(l‘(;)) = h‘(i'(;]) = 11'(_:')‘ v moi {/ eV Viyh="h.
17. x e Ker £ Kerg = f(;) = g(;) =0

=\ +g)(;):((;)+g(;) _ F(“I:()::eKcr(t‘+g).
18, ) It gt = (20 (V) = 2(ttV)) = gdmt).

b) ;e Ker gf @g(f‘(;)) =0 f(;)e Kerg =xet! (Ker g)
19 Xom (81, 1.3),

o

0 N e V.f(;) =0=> g(f(:)) :g((—)) )=\ = 0 {vi el dom ciw). Vay

I L dom cau
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h) K& hyp 18 a) vai gli thidt gl toan cilu, ta ¢o:
V"= Imli(gh) = g(Imf) < g(V"H
Vay g(V") = V", nghia [ g toan cdu.
21. a) Hién nhién ta ¢4 A + Ker 1 < 1 7'(I(A)). Lay X e U=HI(AY)
=X e [(A) = 3ae Ad(x)= @)= f(x —a)=0= x —ae Ker f

—x =a +hbeKer. Vay { "(J(A) ¢ A+Ker 1. K& hop hai bao him
thire, ta ¢é A + Ker V= 17'(f(A)).

M beBAImfob={x)eRxel "(Byehe i~ (B).

22, bt p, va p. i cdac phép chicu:

FoxF, 1o F

(X,.x,) B X,
- {*s
|~\ XFQ —F,

(xl\xz) X,

Ta hdy chimg minh v mai cip anh xa tuyén tinh [ E > F (. E > F,,
ta ¢ mat dnh xa tuyén tinh duy nhit 1 E = F, x F, Lun hai tam gidc sau
aiao hoan

v W \\l

F! I‘ Fn

N\

Nehia laf, = p, of, {i=p, o (L That vay. dat

E

[:E—> F| X FZ
o (10,00
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Ta kiém tra d& dang ring f 12 4nh xa tuyén tinh duy nhdt 1am hai tam
giac trén giao hoan.

Biy gid ta hay xét Anh xa ¢ sau day:
¢: Homy(E, F, x F,) > Hom(E, F,) x Homg(E, F,)
f e f,pe M)
DE ki€m tra ¢ 12 4nh xa tuyén tinh. Mat khic véi méi cap
(f,, f,) € Homy(E,F)) x Hom(E,F,)

ta di thdy & trén ring t6n tai duy nhét f- E > F, x F, & & §(f) = (f,. f,). Su
16n tai coa f néi 1én ¢ 1a toan anh va tinh duy nhit clia né néi 1en § 12
don 4nh. Vay ¢ 12 mot déng cfu.
23. Dt s,va s, 13 cdc don cdu:

sy F o F x F2

x_[ - (x,0)
sy Fy = F xF,
X r—)(O,x2 )
Ta hay ching minh v4i méi cap 4nh xa tuyén tinh : F, - E,
f;: F. = E, ta c6 mét 4nh xa tuyén tinh duy nhit f: F, x F, — E 1am hai
tam gidc sau giao hodn

F, xF,

§

nghialaf, =f o s, f, =f o s,. That vy, dat
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f: F,xF, >E
(XX 5 £ (X)) +5(x,)

Ta kiém tra d& dang ring 12 mot 4nh xa tuyén tinh 1am hai tam gidc
trén giao hoan. Dé chimg minh  duy nhat, trudc hét ta hdy nhan xét ring
ta cé:

(H Sipy +8.p; = lleF.,

trong d6 p, va p, la cic phép chi€u trong bhai 22. Bay gid gid sir cé
f" F, x F, = E ciling cho:
f'o s =1
{'os,=f,.
Tir d6 .
o syop =fep,
fle sy 0py =y 0p,.
Cong V€ vii vE cac ding (hic va chi y t&i (1)
frosop+fios,op=l(sp+sp)=f=foep+lop=1
(theo xac dinh t).
Bay gi®y ta hay xdc dinh dnh xa tuy&n tinh y sau day:
¥ : Hom  (F, sz.E)ﬂHt)mK(Fl'E)xHomK(Fz‘E)
[ > (fes,,[o5,)

DE kim tra y la 4nh xa tuyén tinh. Mat khic véi mdi cap
(f,, 1) € Homy(F,, E) x Homy(F,,E) ta da thdy & trén ring tén tai duy
nhit f: F, x F, = E dé y(f) = (£,,{,). Vay y 12 10an 4nh va don 4anh, do d6
v la ding cdu.

24. Gid ST {e[,¢....¢, } Tamol co & ciia E. X¢t Anh xa f xac dinh boy
f:E—>E’
xn—)l‘(x)=x’k E—>K

Yy X (V) =X,y Fot XY,

125



trong do X,, ... X, VA ¥,...,Ya 14n lugt 1 céc toa d6 cha X va ; déi vdi co

sd {;,;.....;{} . D& kiém tra x" 12 mo( dang tuyén tinh va f 12 mot 4nh
xa tuyén tinh. Ta hiy chiing minh f 13 ding cdu. Gi4 sit c6 (x) =0, didu
d6 c6 nghia x"(y) =0 véi moi y e E.Ldy yldn lugt bing ¢;.e,....c, ,
ta duge

x*(g:) =x, =0

x'(c;) =%, =0

nghia 13 {(x)=0=>x =0; vay f don 4nh. D& chitng minh f toan 4nh, ta
14y mot dang tuyén tinh tby y u € E". Dat ue;) = x, , ta c6

“(;’) = y1u(6_1‘)+u.+ynu(e_,:) =X, Yyt Xy,
=x (P =10(y), W(y)eE

trong d6 X =X, ¢, +...+ X, ¢, . Vay u=f(x), nghia Ia f toan 4nh. f d

I3 ding cfu, né s¢ bién co s& {e|,e,....c )} cha E thanh co sd

{e]..ne. }clha E'. Céc dang tuyén tinh e dugc x4c dinh theo (1):

c?(g;)z ) it {el*....e;}gc_)i 12 co sF dot ngdu cha co sd (e],ez,....e—‘:} .
Tir d6 ta ¢6 dim(E) = dim(E").
25. Gia st dim E = n, dim F =m. Ta ¢6 F = K™. Vay theo bai 22, 1a ¢6
ding cdu:
Hom(E,F) = Hom(E, K™) = (Hom(E,K))" = (E')™.
Nhung thco bai 24, dim E'=n. Vay:
(E')m - (Kl))m = Knm
Tiu d6 dim (Homg(E,F)) = nm.

126



Trén day ta chi thudn uiy tinh s6 chiéu cia Hom(E, F), ban doc ¢6 thé
kiém tra ring khong gian vecto 36 c6 mét co sd 12 {u;;} x4c dinh bdi:
e =8, 1,
K=1,.00;j= 1, n5i= 1, ..,m; trong d6 {e,.¢,....., } lamot cosd

cha E va {g.“.‘fm] la moét co sd ciua F. Trong trudng hop m = 1,

Homy(E,F) = E", lic d6 céc u,, chinh la cic e trong bii 24.
] ]

" 26.Giasircé E=F® Ka . D& thdy 4nh xa

F® Ka>FxKa
X + Aab (x.A2), xeF,AeK

12 mot déng c4u. Thé thi theo bai 23, cap 4nh xa tuyén tinh

f,:F>K f,: Ka5K

VX, Xm0 At A -
cho ta mot 4nh xa tuyén tinh duy nhat u # 0 sao cho u|F =f; =0va
U = f, . Hién nhien Ker v =F.

bao lai gia sir F 1a mét khong gian con cia E sao cho F = Ker u, vdi
w2 E > K 12 mo6t dang tuyén tinh khic 0. Vi u # O nén

3xeE. u(x)=A#0. Ta hiy ching minh u toan 4nh. That vy gid sir
- _BZ T T N P
e K.Dat y==—x,tacoé w(y)=y{ —X |=—u(x)=—.A=u. Vay theo
H Aty =< y) [1]1()7\ K. Viay
bai 4, ta cé moét don cdu v x4c dinh bdi:
v: K>E
I—>a, ua)=1

sao cho uv = 1¢; va theo bai 8,tacéd E=Keru® Ka. VayE=F®Fa,
do d6 F 12 mot siéu phing clia E.

127



7. Gidsire = {e;.e,,....c, } TamotcosdctaE, f = (f |.f 5...f _} 1
mdl co sd ciua F, c‘={eT,...,e*) 12 co s& d6i nghu clia ¢ va
t* =(f : m] {a co s& d6i nglu cha f (xem bai 24). Khong gian vecto

Hom(E, F) c6 cosd {“ij}' i=1...m,)=1..,nxdc dinh bdi

u. (ck) S‘k , (xem bai 25)

a) Hién nhién 4nh xa ¢ 12 tuyén tinh nghia 1a $(u+v) = $(u) + H(v) va
d(Au) = Ap(u) vdi A € K, ta hiy ching minh ¢ don dnh. Gia st c6
d(u) = 0, vay ¢p(u)s) = s o u=0vdi moi s € F', viy ta lai cang c6
f," ou=0,h=I,.., m. Tahay hiéu dién u qua co s& ), i=1,.om,

i=1.,n

Zkuu i-EK.
.!\’l
_| l

Ta co:

‘n(“(ck))— th(xu u(ck))= Zku " fr(f;)

viih=1,..,mvak=1,..,n Tasuyrau=0, nghiala $ don 4anh. Mat
khac theo bai 25, dimy(E, F) nm = dim Hom(F",E"). Theo bai 11, $ 12
dang c4u.

b) §¢u o v): E —>K
sH¥sa(uov)
=(sou)ev

= 0(vV)((u)(s))
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Vay $(uov)=4¢(v)od(u). Hién nhitn ¢(15) =1_.. Gid sif u la mot
ding cfu, vay:
dul o wy=4(lp)=1 . =dwepu)
dueu™)=d(lg)=1 . =¢u™)o d(u)

Ta suy ra: ¢p(u’ = (¢(u))']
¢) Chimg minh nhu trong b).

28. a) Theo dinh nghia clia 'u (xem bai 27):
Ww: E'SEFE
su(s)=sou
Vay ‘u(f) = ¢ l1a dang song tuyén tinh sau day :
E—5E—'5R
' |
PO DX + 1) +p (X = 1) = p'(x)> [(p %+ D+ P'(x = 1) = p'(x))dx
0
1 1 |
=[pOc+ B +pex =1, = [P,
=p(2) - 2p(1) +2p(0) — p(-D)
=¢(p)
b) Chiing ta hdy tim b6n phén tir ¢, e,, &,, ¢, thudc E sao cho
ej(e) =8y .i.j=1234.
Theo céch cho céc ¢; , ta duge:

e (O =15 ¢,(1) =e'(0) =e'(1) = 0. Nhu viy e, 1a mot da thitc thudc E
vii nhan 1 12 nghiém kép, vay c6 dang: e, = (Ax + p)(x - 1)*. TUre,(0) =1
va e, (0) =0, ta duge ‘

e =(2x + )(x - 1).
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Tuong o ta duoc:
e,=(-2x + 3)x% e, = (x - 1)’x; e,= (x . Dx2.

Ta hdy ching minh B={e,.¢,.e4.e,} doc 14p tuyén tinh. Gia sir c6
4
D re;=0
=1

ThE thi vé6i mdi e :

4 4 4
0=¢;(0)=e¢; (leej]_zkje:(cj)_zljau =
fr = ]

Vay A, = A, = Ay = A, =0, tir d6 B doc 1ap tuyén tinh va hon nita 1a mot
ca st clia E vi dim E = 4. Hién nhién B'= (e, .¢e;.¢3.¢; ) 12 d6i ngdu

cia B vi ta da dat e:(ej)=8ij ,j=1,2,3,4.
¢) Gia st ¢=llcf +lzc; +7Lae; + l4e:, vay
de)=A,j=1,2,3,4.

a) va b) cho ta
A =4(e) = €,(2) - 2e,(1) + 2¢,(0) - e,(-1) = 1]

M= (e = -11
Li=de;)=6
h=¢e)=06

Vay ¢ =lle] —1le; +6e; +6e;.

29.2)FP=fe (- = 1g- 20+ P =1 - I.
b) = f = Imf* = Imf = E = Kerf @ Imf (xem bai tap 10).
¢) Xét
E=A®B—L>A®B—L>A®B
V§+BeE, i+b 5 b > b
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Vay p(a +b)=b=p?(@+b). hay p*=p.
d) Gia sit 2 = f. Theo b) ta c6 E = Kerf @ Imf.
Xét :
E = Kerf ® Imf —— Kerf @ Imf
a+b=(X) > G+ X)) =@ +f2(R)=0+{X)=b.
Vay f la phép chiéu.

" 30.Tatim x € Edé (Ig +af)x)=u. Ta £ = I ta cé:

ol =a’f =((af +1g)-1x)° = (af + 1p)’ -3 (af +1)* +3 (af + 1g) - 1
hay
(1) @+Dlg=(af + 1) [(af + 1p)? -3(@f +1) + 3 1] =
= {(af + 1) -3(af+lg) + 3 L] (af + 1)
Truong hop & +1 #0, af + lel-é mot ding cdu. Tir (1) ta c6:
1

a’+1

1 22 .
= 3 (a f —Qf‘l“lE)
a” +1

Vay ta c6 mot nghiém ;duy nhAt:

(@f +1g)7" = [(af+lE)2-3(af+1E)+3lE]

x = (af +lE)_l(a)=+(u2f2 -af+1E)(:l)
a” +1
=%(a2f2(:1)-af(a)+;).
a’ +1

Truomg hop & + 1 = 0, nghia 12 a = -1. Trong tnrdng hop nay ta phai
tim x, dé

)

(1 = Nxg)=u



Muén viy, ta xét (1) vdi a = -1, ta cé

(g +E+62)(1g - %)= (g ++12)w) =0(x) =0
D(lg+f+ fl)(l—l) # 6 , khong c6 ;(_(; nao théa mian phuong trinh.
i) (I + f + )@= 0 = —f2(u)=u+f(u) vi ta thfy mot

nghiém x, = % (2u + f(1)) . That vay

N RN I SR P YR P
(g f)(3u+3f(u)]—3u+‘f(u) S -2 W)

Tap hop nghiém cia phuong trinh s& 1a g +Ker(lg ~f).
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Chuong V
MA TRAN

§1. TOM TAT LY THUYET

1l

C4c K- khong gian vécto trong chuong nay duge gia thiét 1a c6 s6
chiéu hiny han. Viéc nghién cttu K-khong gian vecto Homy(E,F) vdi E va
F ¢6 s6 chiu hiry han sé din t&i khdi niém ma tran cia mot 4nh xa
tuyén tinh { ma c4c thanh phin clia ma tran chinh 1a cic toa d6 cta dnh
xa tuyén tinh f trong khong gian vecto Homy(E,F).

1.1. Ma tran ciia mot anh xa tuyén tinh

Gia str E va F 1a hai K-khong gian vecto, dim E=n, dim F = m, véi co
SOMNNGUTA s # = e, e ) ={f ..l } va £ E - F [2 mot dnh xa
tuyén tinh x4c dinh béi :

t

f(cl)za”f]+a2]f2+...+a -

ml

f(<:2)=a,2fl +a22f2 +...+am2t“l

[ T b T U
f((?“):alna +a2n;‘; +..+a
Ma tran kiéu (m,n):

a 3 - a

In
(1.1.2) A= 3p1 . Ay By,
At Ay 7t Ay

g0i 1a ma tran cdu dnh xa tuyén tinh f déi véi cdp co so (€, F ).



Ta chii y : Céc vecto cOt ciia ma tran A 1a céc tga do cla cdc vecto
r(c] )- f(e2 ). “"f(en) d& vdi co Sbi .

Ky hiéu Mat,,,(K) tap hgp cdc ma trin kidu (m, n) v6i thanh phin
thudc K, tacé A € Mat ,.(K).

1.2. Song 4nh giita Homy(E,F) va Mat ,.(K)
Ta c8 dinh céc co sd & va ¥ trong E va F. Ta dugc 4nh xa:
¢: Homy(E, F) - Mat,,,(K)
f> A
V6 A xdc dinh bdi (1.1.2). Ddo lai cho A, ta c6 4nh xa tuyén tinh f duy
nhat xac dinh bdi (1.1.1) sao cho ¢(f) = A. Vay ¢ 12 mot song 4nh.

1.3. K-khong gian vecto Homg(E,F). Tng cha hai ma tran va tich
ctia mot ma tran vol mot vo huéng

Song 4nh ¢ trong 1.2. s€ cho ta phép cOng hai ma tran A, B € Mat_ ,(K)
va phép nhan mot v6 hudng A € K vdi A d€ Mat ,,(K) 132 mot K-khong
gian vecto va ¢ 12 mot ding cfu. Cu thé gia sir :

$'(A)=1¢"'(B)=¢g
ta dinh nghia téng cda hai ma trdgn A va B, ky hiéu A+B, 12 ma tran

A+B=(+g)
va tich cua Avéi A, Ky hiéu LA, 12 ma tran
AA = ¢(11) |
Nhu vay, néu A = (a)), B=(b,), thi
(1.3.1) A+B=(a,+b),
(1.3.2) AA = (Xa,).

Theo (Chuong IV, bai 25), khong gian vecto Homy(E, F) ¢c6 mél co
sa{u},i=1,2,..,m,j=1,2, .., n,xdc dinh bsi

(1.3.3) wey) =8, f; -
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Pé chimg minh {u,} 12 mdt co s& ta chi ¢dn chimg minh n6 doc 14p
tuy&n tinh Vi s6 chiéu cia Hom(E,F) 12 n x m (chuong IV, bai 25).

Giasucd:

Z xu ij =0 i=1,2,...,m,j=1,2,..,n)

Ldy mot vecto e, thy y thudc co sd &, ta c6 theo (1.3.3)
e, )=0 = quu ()= qu i Z’nkfl

Nhimg # 1a d6c 1ap tuyén tinh nén &, =0 véii = I, 2, ..., m. Mat
khéc ¢, ldy ty y ,nén tacling c6 A, =0véik=1,2,...,n

Gia sttt € Homy(E, F), taco :
I’zZaijulj ,i=1,..,mj=1,..n
i
Tu dé :

f(ek) Zauuu(ek) Zau ]k t’ =Zalkfi
1

So sdanh vai (l.l.l) ta thiy ma tran (o) chinh 12 ma trdn cia f d6i véi
¢3p co SO (&, #).

Ma tran E, ciia dnh xa tuyén tfnh u,, theo cong thitc (1.3.3) la ma
tran ¢6 cdc thanh phin bing O trir thanh phin & dong thir i va cot thy j 1a
bang | va {E },i =1, ...m,j=I, .., nlamotcosdcia K-khong gian
vecta Mal,, ,,(K).

1.4. K-khong gian vecto Homy(E*,F*). Ma tran chuyén vi

Gid st § = {e1.....en} 1 mOI co sa cia Evd # =(f(,...fm}12 mot
castctaF; ¢ = {c e Zhva g = {l1 . } 12 co s& d6i ngdu ca
F va # trong E* va F* (chuong IV, bai 24). Khong gian vecto

Hom, (FE")c6 mot cosirfu},i=1, ., 4, = 1, ..., m, xdc dinh boi
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* "® *
(1.4.1) Ui (=8, e
twong tu nhu cong thite (1.3.3) khi ta da x4dc dinh co 53 clia khong gian
ngudn va khong gian dich. Theo (chuong IV, bai 27), 4nh xa
HomE, F) = Hom(F", E")
fi'f
frong d6 'f 1a chuyén vi clia f, 1a mot dang cfu. Gid st (a,), i = 1, ..., m,
j=1, .., n,lamatran cha f d6i véi cap co sa (&, F ); ta hdy (im ma tran

cua 'f d6i vai cap cosd (#, E). Gid sir (o), i=1,...,n,j= 1, ....,m,la
ma tran cla 'f . Thé thi theo 1.3 ta cé

(r_ *
(1.4.2) f= Z alj uy
=l..an
=l
Theo dinh nghia clia 'f < '{(f,)="f, of
Ta ds:

- . .
(f: °f)(€j)=fk[za,j fi ]=a.u

=l

Mat khic (heo (1.4.2) va (1.4.1) la ¢é
t * * * * *
((f )= oy uu(f) = a;8;, e/ =3 ;¢
i) 1] i
Vay:
R N » he w | =
Ll(lk)(cj)z(fk of)(ej):[Zalk e ](ej):ajk
i
Viy: o, =4, j=1,..,nk=1,..,m
Nhir vay ma tran (a,) clia dnh xa tuyén tinh 'f, chuyén vi ctia f, 1a ma

1ran ¢é n dong va m cot, nd suy ra (I ma tran A cla f bang cich viét cac
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cot cua A thanh cdc dong ciia n6. Nguoi ta ky hiéu ma tran cta 'f d6i véi
Ccap co s& d6i nglu (¥, &) bang ‘A va goi 12 ma trdan chuyén vi cia ma
tran A. Tur

‘M+g)='f +'g
AN=A', LekK
(xem ch IV, bat 27), ta cé
‘A + B)="A + B,
'‘(MA)= LAl
1.5. Tich ctia hai anh xa tuyén tinh va tich cia hai ma tran
Gid st F={esntn), F={f|valim), G={g).p,} 12 chc cosd
1an lugt cua cdc K-khong gian vecto E,F, G. Ta xét tich:
h=gof:E—>5G,

va dat vin dé tim ma tran cia g o { d6i véi cap co s6 (£, %) khi biét ma
iran A cia f va B cia g. Mudn vay ta xét

!
h(a_]) = Zcigéi
i=1

Ma tran C = (¢,) € Mat,;, (K), theo dinh nghia, 12 ma tran clia h d6i
véi cap co sd (&, 9). Mat khéc, xét

- m - m -
8(f(0j))=g[zakjfk}= D aefn)=
k=]

k=I

tmn l - ) m -
=2 a8y 2 by, =Z[Zbikakj ]gi
k=1 i=1

1=l k=1
Vi h(e )=g(f(e;)) , nén

m
(1.5.1) o = Zbikakj
k=1
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Ma tran C = (¢,) 1a ma tran clia 4nh xa tich h = g o f, c6 céc thanh
phén ¢, cho bdi cong thitc (1.5.1) goi la ma tran tich cua B véi A, ky higu
BA. D€ c6 thé nhan B vdi A ta phai c6 s6 cot clia B biing s8 dong coa A.

Vi tich 4nh xa c6 tinh chét két hgp nén phép nhian ma tran ciing ¢6
tinh k&t hop, cu thé A(BC) = (AB)C (14t nhién néu c6 thé nhan chiing
dugc vdi nhau).

Theo (chuang [V, bai 27), taco ‘(g o [) = 'fo'g, nén ta ciing 6
‘(BA)="A'B

Ta dd ¢6 quan he giira phép nhan 4nh xa véi phép cong 4nh xa, cu thé
phép nhan phan phéi d6i vdi phép cOng

(g + g =g[+ g.f,
gfi+ 1) =gf, +gf,
Tinh chét phan ph6i d6 duge chuyén sang ma tran :
(B, + B.)A = B,A + B,A
B(A,+ A,)=BA, +BA,

1.6. Vanh End,(E) va ma tran vuong
Tap hop End,(E) cdc tu déng cdu f : E — E vdi phép cOng va phép
rihin hai 4nh xa 13 mot vanh ¢6 don i, goi la vanh céc tr dong ciu cua E.

Neu ta cd dinh mQt cos@ & ={c .....en} trong E, ta dugc mot song 4nh

¢ : End(E) > Mat (K)
“f A

nhu (rong 1.2; ¢ da mang phép cOng va phép nhan trong End,(E) vao
Mat,(K) nhu ta da thdy, d€ ¢ trd thanh mot ding cdu. Vanh Mat,(K) céc
ma tran vuéng cip n |4y thanh phin trong K 1a mot vanh c¢é don vi, do 1a
ma tran I (hay I, néu ta chii y (3 cdp clia ma tran) ma cc thanh phan
ndm trén dudng chéo chinh bang 1, con cdc thanh phin khic bing 0.

Ta c6 dnh xa dang ghi nhd sau day tr Mat, (K) dén K, dnh x4 nay bao
(0an phép nhan, cu thé do 1a 4nh xa vé dinh thitc cda mot ma trin :
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Mat (K) = K
A Al
AB > IABI = Al IB|

Ngoai c4u tric vanh, Mat,(K) con 12 mot K-khong gian vecta vdi s6
chiéu bang n’. Them nita vi A (gD = (A g)f = g(A f), v6i X € K, nén ta
ciing c6 A (BA) = (A B)A = B(A A). Ta bio End,(E) va Mat,(K) 14 hai
K- dai s6 ding c&u v6i nhau bdi ding cdu ¢ .

1.7. Nhém GL(E) va ma tran kha nghich

Trong vanh End (E) ta chi ¥ (i tap hop GL(E) cic tr ding cdu.
Chiing lap thanh modt nhém d6i véi phép nhan goi 12 nhém GI(F) (hay
GL,(E) khi ta chi ¢ t6i s6 chiéu n cia E) cdc wr ding cdu cia E. Xét
f € GL(E) ta ¢é, tu

-1 4
fof! =rof=1

SOGE D= o 17 )=¢(f T oD =d(E Y O(F) = i) =1

Vay nfu o(f) = A, thi ta dat ¢ (I ') = A”". Ma trdn A" goi 12 nghich
dio cua ma trin A va lGc d6 ta bao A kha nghich. Néu A = (a,), thi
ta co:

An Azl An’l

a_ LA Ay o Ay
;AI .
Aln Azn Ann

trong d6 cdc A, I céc phan bix dai s6 cita cc a, troPdinh thic 1AL Ta
ky hiéu GL_(K) nhdm nhan c&c ma tran kha nghich cia vanh Mat, (K).

Theo (chuong TV, bai 27), ta cd
‘AN =(A);T=1.
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1.8. Anh hudmg ciia viée ddi co sd tai ma tran ciia mot anh xa tuyén
tinh. Ma tran ding dang

Gidsit ¢ =, vnen), €= (€', 1€’y } 12 hai car 53 cita K-khong
gian vecto E, S |34 ma tran chuyén W co s& & sang co sd &)
¥ = {I‘l ....,;‘m} , F= (F’I .“..F‘m} la hai co s& cua K-khong gian vectd
F, T 12 ma tran chuyén tir co s3 F sang co s $'; f € Homy(E, F). A 1a
ma trin cua f d6i vai (&, %), A' 1a ma tran clia { d6i v&i (&, #7). ThE thi
(1.8.1) A'=T"'AS

Trong (ruong hgp E=F, #=F, & =% thi cAc matran A, A", T=S
déu 1A nhing ma tran vuéng c4p n, va (1.8.1) trd thanh:
(1.8.2) A'=T"AT

Hai ma tran vuéng cip n, Ava A’, ¢6 quan hé v nhau theo cong thidc
(1.8.2), goi 12 hai ma tran dong dung. Dinh thiic clia hai ma tran dong,
bing nhau. That vay tacé :

AT=ITATI=ITYAITI=IT'TIHAI=IT'TIIAl=
=111 Al=1.1Al1=1AlL
Do d6 ta dinh nghia dinh thiic clia d4nh xa tuyén tinh f, ky hi¢u det [,

i dinh thic [Al clia ma tran A.

1.9. Dang ma trin caa f(;) = ;

Cic gia thagg vin nhu trong 1.8. Gid sit y € E ¢4 104 do d6i véi
# v @ AN 1ot 122 Xy, Xayern Xgl X'y X'yseennX'n

Vit 1'(;) = ;eF ¢S toa 40 d6i véi # vaF ' 14n lugk la

yls st sony y"\; ylls yl.‘.‘ rany y'm
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Chiing ta hay vi€t c4c toa d6 d6 du6i dang ma tran cOt :

Xy X, Y) Yy
xI
X= XQ , X= _2 ;Y= y.z , Y'= }’.2

X X, Yin Ym
Ta dugc cac ding thitc ma tran sau day :
X=8X,Y=TY"
Y =AX,Y'= A'X"
hai ding thitc cudi cdng déu 13 bidu thte ma (ran ciia y = £(x).
1.10. Gia tri riéng, vecto riéng

Gia sir f : E — E 1a mot 4nh xa tuyén tinh, & = (¢ ...e. } 1a mol co

s@¢ clia E, A = (a,) 12 ma trin cba [ d6i v co sd €. Ta bio mot phén tir
A € K 1A gid tri riéng cua f néu

Ker(f - Mg )#0)

Khéng gian con E; (f) = Ker (f - &1,) cua E, goi 1a khéng gian con
riéng cha f trong Wng vai gia (ri riéng A .

Viy
xeE, (e f(x)=hx
Céc vecto ;(-);t; €E, (D, goi la vecto riéng cia f twong tmg véi
gidin A,

Gia sir &, As,..., A, la nhimg gi4 tri riéng d6t mot phin bigt cia f. The
thi 16ng cdc khong gian con :

EA (f‘>+...+E)\ %)
ta ouc uép. That vay, ta hdy chimg minh bang quy nap theo P. Gia sir
Xe Ex (f)mEl (f). ThE thi £(x)}=A X=X, X . Vay (X, -};) x= 0.
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 Nhmg (%, - 1) # 0,nén x=0; téng Es, () + Ex_ (f) 12 truc ti€p. Gid
sit tong Ex () + ...+ Ex_| () 12 tr tiép. Xét

Re (Br, D+ .. +Ey (D) Ey (O
Taco:

By ()3 X=X, +.. 4%, €E, (O+..+E;

pi = f(i):f(i])+...+f(ip_] )=
X, +,.A+kp_lip_,
hay :

Oy = A)X +ot g = X, =0

Nhung téng Ekl MO+.+E; 1 (f) 1A tnee tiép, nén
o-

Ay =A% ==y =k R =0
Nhmg cac X — &k =k, déu khic 0, vay X, =..=X, -0.
T dé X =0 va téng
E,, (0 +..+Ey (D
1a truc ti€p.

bar @A) =det(f-Mg)=|A- A=

a; -k ap, T
— |32 ay, A A0
an A o8, - A

1a c6 @ X ) 12 mot da thite bac n d6i v6i A , goi 12 da thic déc trung cha
f. Ta cing goi ¢(A) 1a da thic dac trung cia ma tran A. Chi ¢, néu ta Idy
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mot ma tran A’ d6ng dang véi A, thi da thife dic trung clia A’ cling bing
da thifc dac tinmg clia A. Néu khai trién ¢ A ), ta duoc

PR =CDA" +a, A" ¥ +e .2, €K

Khi K = C thi ¢(}) c6 n nghiém, méi nghiém k€ v6i s6 14n bing s6
boi ctia né. Khi K = R hay Q, thi ta chi biét s& nghiém ciia né < n.

Truong hop @A) c6 n nghiém phdn biét trong K.

Trong trudng hop nay
E:E}‘l(f)e'”®5ln(f)
vGi dim E; (D="-=dimE, (N=1. Néualsy:

0#& €E, (0,..0#F, €E, (D
thi ta dugc mot co sd méi : '
=) v, )
véi tinh chat f(e',)=2xe',....0(' )=A e, vi vly lam cho ma trn
cha f d6i véi co s& & ¢6 dang chéo sau day:
A, 0 -0
ORI SR
0 0 - A,

Ma tran A va A’ dong dang véi nhau. Ngudi ta bio ta dd chéo hod
khi dua A vé mot ma tran déng dang chéo.

Truong hop ¢(1) c6 m nghiém trong K véi s6 boi n,, ..., n,, sao cho
n+ ...+ n,=n

Trong trudng hgp nay, néu thém gia thi&t
dimEM M=n,... , dim E’m. (H=n,
thi sau khi chon trong méi E, (f) mot so s& va hgp chiing lai, ta duge

mol cd sO ¢ clia E. DGi v6i ca s &', ma trin A’ clia f vAn & dang chéo,

cdc phdn t& ndm trén duding chéo chinh I cic nghiém Ay, A,,..., A, €6
mat vdi s§ 14n bing s6 boi cua ching.
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§2. BAI TAP
ANH XA TUYEN TINH

1. Cho 4nh xa tuyén tinh f : R* - R? x4c dinh b&i
f(X,, X5, X3) = (2X (. X5~ X3)

a) Tim ma tran cua f d6i véi co so

(e):5, =(1,0,0).g, =(0,1,0), 4 =(0,0,1) trong R® va co s& (B) :
5, =(1.0), 5, =(0,1) trong R*.

b) Tim ma tran cla { d6i vdi co s () trong R* v co sd ( §)) :
§, =(1,2), 8, =(1,i)trong R".

¢) Tim ma tran cia f d3i vdi co so

(e):e, =(L,1,1),€, =(0,1,2).8, =(0,0,1) trong R* va co sd (8
trong R°.

2. Cho phép bién d6i tuyén tinh f : R* — R® x4c dinh bdi
1(X,, X5, X3) = (X3 - 2X5, X + X, , X))
Tim ma tran ctia f d6i véi co sd :
(€):€, =(1,1,0L€, =(0,1,1),85 =(1,0,1)

3. X4c dinh 4nh xa tuyén tinh f : R* > R* c6 ma tran 13

I 2 0
A=10 1 -2
1 2 1

doi véi cor sd (&) nhu trong bai tap 2.
Cho & =(3,-2.0). Tim t0a d6 clia f(a) d6i v6i ca sd (g).

4. Cho phép bién d6i tuyén tinh f: V — V ¢6 ma tran
_(2 -1
A= [3 2)
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d6i vGi oS3 (€) 1 £(.E,. Tim vecto f(a ) vdi :
a) @ =3, +5¢, ;

by & =5, -3,

5. Cho
1 2
A=(-1 0O
(|

3

—

13 ma (ran cha phép bién déi tuyén tinh f : V = V d6i v6i co sd
£,.€,.84. Hiy tim vecto f(2a - B), trong do

a=-¢ +€, €4, P=¢€ —&, +2¢,.

6. Cho
1 0 21
-1 2 01
A‘zoll
00 21

ta ma tran chia phép bi€n d6i tuyén tinh { - R* - R* d6i v4i corsd (g)
g, =(1,0,0,0).8, =(0,1,0,0),
£5 =(0,0,1,0., =(0,0,0,1)
He';y (im Kerf v mot ¢d sd clia no.
7.Gia st (; E ~> F 1a mot 4nh xa tnyén tinh va dim E = dim F =n.

a) Chimg minh : f ding cfu < 3 4nh xa tuyén tinh g : F — E sao cho
fg=1g

b) Chiing minh : f ding cdu & Ih:F > E, hf = {,.
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8. Gia st f : E — F la mot 4nh xa tuyén tinh, dim E =n, dim F = m, va
hg f = r. Chiing minh t6n tai mot cosd & ={¢,.....€_} trong E vamdt co
s& F =(T,.....T_ } trong F sao cho ma tran A ciia f dGi vdi (¥, ) o6 dang

Li=j=12....r

Lo
= v a, =
@) ’ {(), néu khac (ren

0 0

9. Gi3 st E 12 R - khong gian vecto gém cac da thirc cha 4n X v4i he s6
thuc ¢d bac < n - 1 va da thitc 0. Xét hai dang tuyén tinh:
g:E->R

f:E—->R,

|

P | P(t)dt
0O

P P(1)
Vi€t ma tran ciia f va g d6i v6i co sd = {1,X, ....X""} trong E va ca
s F = (1) trong R.
10. Gid sir E 12 R - khong gian vectd gm céc da thic cia 4n X véi hé s8
thuc ¢6 bac < n va da thic 0. Dat
E, =CKX*(1-x)"* k=0, ...n
a) Ching minh ca¢ E, doc 1ap tuyén tinh. Tim céc toa do cha | déi

v3i cosd {E, E,, ..., E,}.
b) Xét co s chinh tic & = {1, X, ..., X"} trong E, va 4nh xa tuyén

tinh f x4c dinh b&i
f:XE, k=0,1,..,n

Tim ma tran A cla f d6i v&i ca s& & ; f ¢6 phai 13 mot ding céu
khong?
10BTDSTT B
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Lot giai
1. a) Truée hét ta tinh :
f(5,)=(2,0)=28,
f(,)=(0,1)=5,

[E)=(0-1)=-3,
Vay

20 0
m"‘m(aé)z[o I -1)

b) f(£,)=(2,00=x,8 +x,5 2_x (1,2) + X, (1,1)
[(£,)=(0,1)=y,8, +y,8, =y, (1. +y, (1)

t(e3)=(0,-l)=z,8’l +2282=zl(l,2)+22(l,l)
Ta phai giai ba hé phurong trinh :
Xpt+x,=2 y,+ty,=0 Z,+72,=0
{2){,+x2 =0’ {2y1+y2=l' {2zl+z2=-l
Ta nhan xét ba hé phuong trinh déu ¢4 cling ma tran cic hé s6 ma cac
cOt tuong ing lan lugt véi cidc vecto 6_; va S , cOn ¢Ot c4c s6 hang (U

do wong tng 1dn lugt véi cac vecto f(t-:—;). f(s_z‘), f(;;) . Ta viét lubn c4c

ma tran cia ba h¢ phuong trinh trén cing mot ma trin, sau d6 thuc hién
nhimg phép bién d6i dé€ tinh ra ngay cic nghiém cia ci ba h¢ phuong

trinh, cu thé
1 1(2]0] O N 1 210 0O
2 11001 |- I O0(-2]111-1

Tir 46, ta duge :
X, =-2,x,=4y=1,y,=-1;2,=-1,7,=1.

-2 1 -1
ma‘(”u.ﬁ'):( 4 -1 lj

Vay :
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&) f(€))=(20),fE", ) =(0,-1),{(&',)=(0,-1)
1 12 0 ()_)11‘2‘0{0
2 1|o]-11-1 1 0|-2]-1]-1
s B R |
mat(f) .. 5 = 41
2. f(8)=(1,2,1),1(2,)=(-1,1,0),f(&,)=(-2,1,1) . Tiép theo, ciing lam

nhur bai 1, ta xét ma tran va cdc phép bién d8i trén né nhu sau:

I 0 | -11-2 2 22 0
I|-11 1 0 1| >
| 0O 1 1 1

0 1 00
tf->]1 1 0
0

| 1 1

2

|
L[]0

Viy :
1 0 -1
mat(f), =| 1 { 2
0O -1 -1

3. Gid sir X =(x,,X,,X4) € R*. Tirma (rdn A (a suy ra dnh xa tuyén 1inh
f: R* > R®xac dinh b3i A la
(X, Xa, X3) = (X, + 2%5, Xo- X3, X, + 2%+ X3)
Viy :
() =(3,1.3.1(,)=(2.0,3),(e)=(1.-1.2)
Bay gid fa phm xdc dinh cdc toa d6 (X, X5, X3), (Y1, Y Y3) VA (2y, 75, 24)

clia f(x-; ), f(az) r(ez) déi v6i co sd (g), dé 6 mat(f),. Cung lam nhu
hai 2, ta xét ma tran sau day va cac phép bién ddi trén né :
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1O 1|3]2] 1 2 2 2|75 2
1 1 0[1|O|-1|> (1 1 O|L|O]|-1]|>
01 133 2 0 1 1|33 2
11 1|7/215/2| 1 [ O O|1/2]-1/2]-1)
L1 o] 1| Oofl-1]5f1r 1 0of 1 0 -1
01 1| 3| 3|2 o1 1| 3 3| 2
Tir d6 giai ba hé phuong trinh, la dugc :
12 -12 -1
mat(f), =172 12 0
52 512 2

& =(@-2000(@) = (1-2-1) =28, +£,

4.2) (&)= —3f(E,) + 5(F,) = -3(28, +36,) + (5, +28,) =1 [, +E,
b) f(@)=S5e, - 3&,
5. £(2a - B) = (=38 + 38, - 48,)=-3M(E,) + 3(E,) - 4(E;)
=-3(g, —E2 +€3)+(2€I +84)— 4(3g +2E2 +E4)
=98, - 58, — 48,
6. Ta c6 V3l X = (X[.X,.X4.X,) € R*,
(X)) = (X + 20, + X=Xy +2X5 + Xy 2K + X3 +X,.2X4 +X )

Vay (X, Xs, X; X) € Ker f & f(i):b:((mo.o), nghia 1a X, Xa. X,
X4 12 nghiém ciia hé phuong trinh thudn nhat :

X, +2X,+x,=0
-X, + 2%, +x,=0
2x, + X3+x,=0

2%, +x,=0

Goi A la ma tran cdc h¢ s6 cua hé phuong tinh, dé dang thay {A‘ #0;

vay chi ¢6 mot nghiem duy nhét (0,0,0,0), cho nén Ker(f) = [6 }, cu sd
cua Ker {12 mot tap hop O ; f 1a don cfu, vay f1a mot ding cfu.
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7. a) f1a ddng cdu, thi ' : F > Echota f f ' = [ Do lai gia sir ¢6
g : F = E sao cho fg = 1. C6 f 12 toan 4nh, that vay gid st ye F ta cé
flg(¥))=9 . bat X = g(¥)1a duge f(X)=y. Do d6 f 1a mot toan ciu : E
— F v6i dim E = dim F = n, vy tr v6ng thuc :

dim E = dim Imf + dim Kerf

ta suy ra dim Ker f = ), hay Kerf = {5} hay f don 4nh. Vay f 12 m6t ding
cdu, va ding c,éfu ngu‘cjc {f':F > E bing g. That vay, tir fg = I, ta c6
(‘fag=lly=f"=lgg=¢g. :

b) f 12 ddng cu, thi f " : F - E cho ta f 'f =1, Do lai gia sir c6
h:F - E sao cho hf =l.

f 12 don cfu, that vy gia stt {(X)=0 , the th

hi(X) = h(0) =0 =15 (R)=X .

Vay {12 mot ding c4u, va c6 ding ciu nguoe ' : F—> E bing h.

Ta chi y didu sau day : khi dim E=n# m =dim F, thi nr fg =1.ta
chi 6 [ 14 toan c4u, va 1Y hf = 15 ta chi ¢é { 12 don céu.
8. Vi hg f = r = dim Imf, 1a hiy 1dy mot co sd {fl ,...‘fr } trong Imf. Ta

hiy b6 sung cho ca sé trén m - r vectda : £ rypreennfy, A€o Mot co s

g:{fl t 1r+|’ m}

¢y E?_'Gl) & Grl(fr)' |

cdc vecto €. 1a doc 1ap tuyén tinh (chuong TV, bai 3). Goi W 13
khong gian con sinh bdi ¢,...e ; theo (chuong IV, bdi 8) :

E=W & Ker f. Ldy mot cosd {¢ ..., } trong Ker f, ta duge

trong F. Liy

& ={€) €y annsly )

12 mot co sd trong E. DE c6 mat(f) ¢, ta 14n lugt xét :
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fE,) =1,
fE)="
f(Eﬁ-l)‘o
f€,)=0
Vay: r cot
R
1 06 -« 0 O 0
r 0 1 0 0 0
dong -
0 0 0 O 0
0 0 0 0 0

9. mat(t)y,, = (1 S b

1
11 t
mat(g)(g_ﬂ= (1 5 -{;]

n
10.a) Xét D o E, =0.a, €R. Tirdé
k=0

n
aoE’o :A *ZaiEi
i=l

Da thie & v& phii chia hét cho X, vay a.E, ciing chia hét cho X.
Nhung
aE, =a(1-X"), .
viay ta phii ¢6 a, = 0. Ta chimg minh quy nap theo i, gia s ¢d
ae=... =a,.,=0.
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n
TY ) «,E, =0, tadugc:
k=i

n
- ZakEk.
k=i+1

Da thifc & v€ phii chia hét cho X™', vy o E, cting chia hé&t cho X*'.
Nhung

aE =a,C X (1 -X)",
vay taphai c6 a,=0. Vay ap=a,= ... =a,=0,nghialaE,, E, ..., E, d6c
1ap tuyén tinh. E la mot R - khong gian vecto c6 56 chiéu 1a n+] cho
nén ta c6 thé 1dy (E_.E,.....E  }1am co sd.

Bay gid ta hiy tim cic toa do ciia 1 d6i vdi hé co sd {E, } ., - Ta
¢6, theo cong thitc nhi thile Newton:

n n
=[x +a-xP =Y cx*a-x)""*=YE,

k=0 k=0

Viy cic toa do cua 1 d6i véi {E .E|...E }lanluotiaf, 1

b) Ta co

Kok e k-jyk
E, =CXx*. Y ch i - I)JxJ—Z( ckeh ey
=0 =0
hay, néu dat i = k+j

n L ~
E, = (-)*ckenx!

Vay ma tran cia { d6i véi ca s ¢ sé ¢6 dang tam gidc dudi nhu sau :
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vdi
. _ ~k ~k - .
a, =(=)'""*C CITL ik
a, =0 .i<k.
CAC PHEP TOAN TREN CAC MA TRAN

11. Cho cdc ma trin

3 1 4 1 30
A=(0-3|,B=|7 -2|,C=|6 -5
5 2 15 1 4
Tinh a) A +B-C;
b) 2A - 5B;
c) A + 2B - 6C.
12. Cho
4 0 1
A=(-3 2 5§
7 50

Tinh 2A-3'A('A 1a ma trin chuyén vi clia A).

13. Cho

4 3.7 2 -1 5
A“[zo l]'B-[4 3-3}'

Tim ma trdn X saochoa) A -2X =B; b)3B-X=A.

14. Cho cac ma tran:

4 2
25 3-20
= =" =13
A [-1 4} B (l 0 5]‘C 1 2

Tinh a) AR, BG;

b) (AB)C, A(BC). So sdnh hai ma tran tim duge.
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15. Tinh AB biét:

-20 5
3 .
a)A:(‘l 2{ 21] B=| 1 3 -1];
) 0 27
oy
b) A=(a, a, a,). B=|a,|;
k|
, ap a, X,
c) A= a1 Ay o “B= X‘2
anl an2 . ann xn

16. Cho

(12
A—[-3 0]-
f(x) = x*- 2x + 3.

Tinh f(A), v6i quy e A= 1.

17. Chimg minh rang AB = 'B'A, trong d6 ‘A, 'B l4n lugt 12 ma tran
chuyén vi cha cdc ma tran A va B.

18. Trong R*, R’ cho c4c co 83 twong ing:

e, =(1 0,0,0) ¢, =(0 1, 0,0),
(e):

53 :(0, 0’ l, 0), E_L; :(01 0‘ 0’ l] ,

®: 8, =(10,0)%5,=(01,0);5 =001
CAc 4nh xa tuyén tinh f: R* = R?, g: R 5 R* x4c dinh bdi:
()1, %a4 X3, X0} = (2X), X, - XaXy),

8(Y1s ¥2 ¥2) = (Y1 + Y2, ¥3,00.
Tim ma tran cua gf.

154



VANH CAC MA TRAN VUONG

19. Ching minh v6i hai ma tran vuong cdp n khid nghich A va B ta c6:

(ABY'=B'A".
20. Cho céc ma tran:

1
A=| 1
3

B P

—
—
— N

Tinh dinh thitc |AB.

21. Tim ma trin nghich dao cha cic ma trin sau:

4 3
a)A‘[-s 2]'
I -1 3
bh) BR=|5 1 210
1 4 -1
2 -3 0
c) C=| -1 1 4;
3 0O 5
1 2 3 4
01 -2 4
d) D= .
0 0 2 0
0 0 0 3

22. Tim ma tran X théa man ding thic:

AX+B=C,
trong do
I 2 1 2 5 -3 0 -1 5
A=l0 1 3, B=| 0 0 2| C=(3 2
0 2 4 -3 1 6 1 -3 6
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23. Chung minh rdng A + 1 va I - A 1a nghich ddo ciia nhau néu A’ = 0.

24. Cho f: V > V 1a phép bién dGi tuyén tinh. D6i v6i cosd €,.8,.,84 , 1
céd matran [a

Hay tim ma tran coa f d6i véi co sd ('):
g =28, —¢,
£, =€ +¢, —2g,
83 =E2 +83

25. Trong khong gian veetd V cho co s3 (8): €,.85.8, Va cO
8GO (")

g =2¢, +E,

g, =€, — &4

£, =€ +2€,
Phép bién déi tuyén tinh {2 V -5V ¢6 ma tran
2 2 1
B=| 1 0 A
Lt -3 0
d6i v@i co s& (8. Hay {im ma tran cia f d6i v co sy (g).
26. Gia sit A € Mat,(K). Chimg minh:

a) A kha nghich < 3 B € Mat (K), AB=1;
b) A kha nghich < 3 C € Mat(K), CA =1.
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27. Xét 4nh xa
tr: Mat (K) -» K
n
1=t

a) Chiing minh anh xa tr ta mot dang tuyé&n tinh. Ngudi ta goi tr(A) 1a
vét cha ma tran A.

b) Gid st A € Mat . (K) vd B € Mat,,,,,(K). Chimg minh:
tr{A.B) = tr(B.A).

28. Chimg minh khong thé cé A, B € Mat, (K) sao cho AB-BA =1, [ 1
ma tran don vi ctia Mat,, (K).

29. Cho A,B € Mat (K). Tim X e Mat, (K) dé X - tr(X)A = B.

30. Gia sir (a,) = A € Mat, (C). Chitng minh rdng néu ta cé

(Vi) liln% > Z aiil\ .

1#

thi A kha nghich (dinh 1y Hadamard}.

31. Xét vianh Mat, (K). bat C 1a bo phin cia Mat,(K) gdm cic ma tran
sau day:

C={A e Mat (K) | AB=BA, VBeMat (K))

a) Ching minh C la vanh con cva Mat (K). Ngudi ta bao C gém céc
phian it giao hodn duge vai moi phan ta cia Mat,(K), C duge goi 1a tam
cua Mat (K).

b) Xét Mat.(K). Chitng minh tam C cia Mat(K) pom cdc ma tean ¢o
dang Al,, X € K va I, 1a ma tran don vi clia Mat,(K). (Hirdng dan: x&
cac matran E, co sd ciia K - khéng gian vecto Mat, (K) (xem §1,1.2)).

¢) Chimg minh tdm C cia Mat,(K) gébm cdc ma tran ¢ dang Al
Ae K va I 1a mwa (ran don vi ciia Mat, (XK).

ns
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Loi giai

W =

11. a) A+B~C=[

2
0
3

-14 -3
b) 2A-5B=| -35 4
15 -21

8 0 2 2 -9 21 -4 9 -19
12. 2A-3'A=|-6 4 10|-| 0 6 15(=-6 -2 -5
14 10 O 315 0 11 =5 0

15.5) AB=(a,a; +a,0, +2a,04), matran | ddng, 1 cot.

ay X +2|]2x2 +....+a]n)(n
¢)AB = ay1Xy +a22x2 t....ta, X,

an X,y -i-anzx2 +....+a“nxn

2 (-5 2 (2 4) (30
16. A _[_3 —sj' 2A*[_6 oJ ,31_[0 3]

Vay f(A)=A> —2A+3I=[_§ :g]

n dong va 1 cot

17. Xem (§1, 1.5)

— f g
18.¢, =(1,0,0,0)—(2,0,0)— (2,0, 0)

—_ r I

£, =(0,1,0,0)>(0,1,0)—> (1,0, 0)
— f g

£, =(0,0,1,0y—(0,-1,0) (1,0, 0)

— f g
Ey =(0,0,0,1)>(0,0, ) (0,1, 0)
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Ta c6 ngay

21 -1 0
mal(gf)mm =0 0 0 1
00 00

Ta ciing ¢6 thé tinh mat(f).5, va mat(g)s roi tinh tich mat(g).mat(f).
Ban doc hay thir 1am, nhung 3 rang 1a lav hon cich trén vi phai nhan hai
ma trin v4i nhau.

21. d)

1 -2 -7/2 473
2|01 1 -4/3

D = o 0 12 0
0O 0 0 1/3

pE tinh D', ta c6 thé tinh theo cong thitc cho trong (§1, 1.7),
ta co:

Al Ay Ay Ay
pl oA An Ay Ay
6|A);y Ay A Ay
Ay Ay Ay Ay
vl A =6,A;=A;=A,,=0
2 3 4 1 3 4
A2]=—0 2 0|=-12, A22= 0 2 0 =6,A2,‘:0.
0 0 13 0 0 3
2 3 4 | 3 4
Ag =1 =2 4|=-21, Ay, =-0 -2 4|=6
0 0 3 0 0 3
1 2 4
Ayn=[0 1 4]=3 A, =0,
0O 0 3
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2 34 I 34
Ay =-{1 -2 4|=8, A, =|0 -2 4|=-8,
0 20 020

Ap=0,A, =2

Tir d6 ta ¢6 D' nhu da viét 3 trén. Ta cling ¢6 thé tinh D' bing cidch
viét D dudi dang kh6i nhitng ma tran con, cu thé ta viét nhur sau:

SEIER

0 0| . (2 O
0=[0 ()J ('_[0 3]

Hién nhi¢n ta ¢6 A, C & GL,(K) (xem §1, 1.7 trong d6 |A|=1, |C] =6.
bé ¢é A va C 7 trong tnudng hop nay thi 74t nhanh:

-1 _ (1 -2 4_ (30
A _[() l]’c _(,(() 2)'

cie phan (r nim trén dudng chéo chinh ctia ma tran nghich dao nhan
duuie bitng cich hoan vi cde phin tir ndm (rén dudng chéo chinh ctia ma
{rin ma ta muon tm nghich ddo, con cac phin 1ir ndm trén dudng chéo
ohu thi giir nguyén, nhung dé6i diu, v nhd nhan moi thanh phin véi
nghich dio cha dinh thic ciia ma tran. Nhu vay néu A € GLy(K), thi ta
viet ngay A

A:(“‘n A2 ] Al =L[ JRP: “‘12]
(421 A9, AL =2y Ay
Bay pidy ta xét ma tran D' e Mat(K) cling viét thanh khéi nhur sau :
Al ) B'

D =

0 c'
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Ta xét tich :

A BY [AT! B ' =
DD,:[ ] _(1, AB +BC
0 C 0 C‘l 0 12

trong d6 phép nhan cac khdi thuc hién nhu phép nhin ma tran, nghia la
coi cic khéi nhu cdc thanh phin clla ma tran (céc ban thit nghi xem ¢é
ding nhu vay khéng). Ta néi ta muén AB' + BC =0 € Mat,(K). Vay ta
chi cdn 14y B'= —A™'BC"' va ta duge:

. | o
0

DD'=

I

SO Q—
o C -0
o -—Cc 0O

Vay D' chinh 1a D™ (xem bai 26). B4 cé diy di céc thanh phin cla
D', ta xét tich

o amlpeet LU =2 (3 4N (3 o) _(-12 43
Bi=-ABC = 6[0 1] (*2 4][0 2] ‘[ I —4/3}‘

22.X = A7 (C-B). Truéc hét ta tinh |A| =2 #0.
Vay cé A~'. D& tinh A™', ta viét A thanh nhilng kh&i ma tran
1)) ‘ B=2 1)

RCHIE N
s

4} B'=(x| x,)

oclof (T
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Tinh C ™'

Xét ma tran A" :




Xét tich:

' -1
apo| | BHEBC
0o 1

Liy B=-BC'=(3 -5/2), ta dugc:

1 3 -5p
Al=A=[0 -2 3
0o 1 -1
-3 10 23
va: X=[ 0 -10 -10
1 4 5

2. Tac6 A+ A)A-A) =P -A*=1-A’=1 (M A*=0). Vay [ + A va
T - A la nghich do cla nhau.

24. Goi T 1a ma tran chuyén tir co sd (&)sang co s (), ta c6:

| 1 0
T=|-1 |
0 -2 1
Viy:
(14 —10 11
mat(f)e=T'AT=-| 6 -2 3
428 20 2
25. Goi T 12 ma trin chuyén 1Y co s& (€) sang cd sd (g, ta co:
2 0 1 2 1 -1
T=|0 1 0|=T'=| 01 O
3 -1 2 32 2
Viy:

B = mat(f), = T . mat(N,. T
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Tir do:

mat(f). = TBT
Thuc hién phép nhan ta dugc:
4 2 -1
mai(f), =| -7 -5 5|
4 7 -7

26. a) Gia sir A kha nghich, vay c6 A" d8 A.A™ =1. Dao lai gia sir c6
B € Mat,(K) d€ AB = 1. Gid st f, g € End(K") twong (ng v6i A va B.
Thé thi ta co:

fog = 1"

Theo bai 7, f 12 ding cfu, vay ¢6 f ', do d6 A\, Ta ciing c6 thé

l1ap ludn nhu sau: tir AB =1, tasuy ra |A| |B| =1, vay |AI #0,do dé
ma tran:

All A21 Anl
1 _|A2 Axn - Ap
JA] |

Ajg A - Ay,

1a ma trin nghich dio clia A = (a ), A, la phan b dai s6 clia a, trong lA].
b) Lam nhu a).

27.a) Gid st A = (2,), B=(b,) € Mat,(K)va A € K. Tacé:

n n n
tr=(A+B) =Z(aii +bii)=zaii +2.b;
=tr(A) + tr(‘l;)] = -

tr(hA) =Y {ha )= 2D a, = Mr(A)

i=1 t=1

=

b) Ta co6:

m ) n

r(AB) = Z 2.2ibj = 2, D bjay = tr(BA)

i=l =1 =1 =l



28. Gia sir ¢S5 AB - BA =1. Th€ thi theo bai 27, ta co:
0 =tr(AB) - t(BA) = tr(AR- BA)=tr(T) =n > 1. VO Iy.

29. Ta tim X e Mat (K) dé:

(1) X-tr(X)A=B

Vay ta pha cé: )

trX - tin(X) trA = trB

hay

@) X (1 -1rA) =B

trB

1—trA’

trB
1—trA

Truomg hop 1 - trA #0. Lic d6: trX =

va (1) ¢c6 mét nghiém duy nhdt: X =B+

Truonmg hop 1 - trA = 0:
a) trB # 0: (1) vo nghiém. .
b) trB = 0: trX = A tdy y thudce K, va nghiém cia (1)1a X =B + AA.

30. Xét ty déng cdu (1 C° — C" twong ing v&i'ma tran A. D€ chimg
mmh A kha nghich ta chi cin chimg minh f don cdu (ch IV, bai 11). Gia

st x (X).X5.-.-.X [ )EKer{.Vay: f(x) 0 ,hay vigt du6i dang ma tran

AX =0
X, 0
trong dé X= x:z , A0= O .
xl 0

hay
Ay Xy +a5X, FoFa X =0
A5 X +8yX,y Fotay X =0

a,X;+a 5%, +.o.tagX =0
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bat:

M= sup |xk|
Isk<n

Gia st j 1a mot trong céc chi s6 sao cho M = | X, | Tix

n
Zajkxk =0
k=1
Ta suy ra:
85X =—2ajkxk
k#j
Tir do:

Mtagl=la;iix i) lag lix, 1SMY lay
k#] T k)

Néu M > 0, ta suy ra:
lagl< D lag |
k#j
mau thuln véi gia thiét:
(Vi) ‘aii| >Z|ﬂij |
j#
Viy M= sup ixk‘zo nghia la x, = x, = ... = x, = 0 hay ;:6
I<k<n

hay Kerf ={0}, nghia A f ding cfu va ma tran A tuong dng vai [ 1a
kha nghich.
31. a) B¢ chimg minh C 1 vanh con ca Mat,(K) ta 1an luot chinig minh:

Cz0Q,

A-A'eCnéu A, A' e,

AA'e Cnéu A, A' e C.
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Hién nhien C # @ vi O va [, € C. Gia st A, A’ € C. Thé thi v6i
B e Mat, (K), ta cé:
(A-AD'B=AB-AB=BA-BA'=B(A-A'"),
(AAYB = A(A'B) = A(BA") = (AB)A" = (BA)A' = B(AA").
Vay: A-A'vaAA' e C,
b) Xét cdc ma tran

10 0 1) 00 00
E‘Hz[o 0]’ En:(o o]’ 52*2[1 0]’ E22:[0 1]‘

Méi ma tran B = (b,) € Mat,(K) biéu thi tuyén tinh qua cic E,
nhy sau:

2
(N B=>b iEiy
=1
Ta cé A giao hoan véi moi B € Mat,(K) khi va chi khi A giao hoan
vGi moi E,, do (1) va do phép nhin phan phoi d61 véi phép tong.

Hién nhién cic ma tran ¢6 dang Al thugc C. Dio lai gid st A € C,

A =(a,).
a,, O a a
AE,. =| }, E A:[ 1l 12],
1 [321 0 H 0 o0
0 a a a
_ L1 -] 921 22
AR [0 azl]’ Eipfh [0 0 ]
A € C, viy ta phdi c6 AE,, =E||A, AE,, = E;A. Tu d6, ta suy ra:
a,=42a, =0,vaa,; = a,=r €K,
Viay A = Al.. '
¢) Lam tuong tu nhu b), ta dugc
dong ) a
_ 2
AEtlo b0
;)
cdt g

166



cot
T AE, =E A, ta suy ra: '
a =3, J=12,...,n
a,=0jzk j=12,..m;k=12,..,n
Viy A cédang A=1AL, A € K.
Qua vigc xét tam ca Mat,(K) ta suy ra tam ciua End(K) gbm céc

tv dong cfu h c6 dang h = A, A € K; h goi 1a mo6t phép vi 1 cha
K - khong gian veeto K™

VECTO RIENG - GIA TR| RIENG

32. Gi4 str A 12 ma trin cia phép bién d8i tuyén tinh { d6i v3i mot co s
da cho cha khong gian vecta V. Xét xem veclo nao trong cic vecty cho
dudi day la vecto riéng:

1 -1 - Y o .
a)A:Lb J,u:b{ﬂ,ﬂ#l4xy—@a,

L a=(L13), B=(10.5), y=(2.2.2).

L= 3

N’

>

I
oNo
NSO
oonN

33. Gia sit o déng thdi 13 vecto riéng cita hai phép bien ddi tuyén tinh f

va g v4i cdc gid tri riéng tuong tng 12 k,, k,. Ching minh ring o cing la
vecto rigng cua gf 1a g + f. Tim céc gi4 tri riéng twong tng.

34. Tim c4c vectd riéng cia phép bi€n dbi tyén tinh f ¢6 ma tran 1 A,
B, C,... duéi day:
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2 5
a) Az[ , B=

1 1 8
b)A— A=|0 2 0
{ 0 -1
1 010 (0 1 0 |
02 01 -4 4 0 -1
¢) A= B= | .
0 0 0 2f -2 1 2 1
0 000 0O 0 0 I

35. Trong cic ma tran sau day, ma trin nao chéo héa dwge? Néu duge
hiy dira n6 vé dang chéo:

a)

—_—

) w(3 2

—

I 00 5 4 6

N Al 4 5 6;

2 0 1 ~4 -4 -5
I -4 -8 0 01

-8 -4 1 1 -1 1

—_— — —

36. Cho ¢,. &,., £, la mot co s clia khong gian vecto V.

Phép bién d6i tuyén tinh { déi vSi co s& nay ¢6 ma tran i A. Hiy
tim mo6t co sd cua V sao cho d6i véi co sd nay ma tran cua { 1a mdt
ma trin chéo: '

a) A=

2 -2 0 5 -6 2
-2 I =21, DA=|6 -7 2
0 -2 0] 6 -6 |1

37. Tinh lay thira A" (n >1) clia ma irn A (rong bai 36 b).
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38. Tam giic héa ma tran:

3 -5 2 6
0O 5 0 4

A‘—?_ 7 -1 11
0 -4 0 -3

nghia Ia tim mot ma tran B dong dang vai A ¢6 dang sau day:
by by by b
0 b22 h23 b24 )
0 0 by by
0 0 0 ba4

14
B=

0 0 2Y2

0 2 0)2
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33, f@=ke = gf(0) = glk, @) =k, (@) =k k@
gly=kya

(f +g)@) = (o) +g(0) = k@ + kya = (k, +k )
34.0)

1-»x 0 1 0

0 2-% 0 1
A - M| = 0 0 -r 2

0 0 0 -2

=2 -D(r-1)

A = 0. Cédc veclo riéng tuong ing véi A =0 ¢6 cdc toa 4, X,, X3, X, thod
min h¢ phuong trinh

X, +x3:0
2)(2+x4 =0
2x4:0

Cic vécto rieng c6 dang w(L0,-1,0)=p(e, -¢5). peK.le;, &, e ¢,) 1
cAc ca 8O chinh tdc cia K°.
A = [. Cac vecto riéng tuong img vdi A =1 c6 dang “‘:1.‘ pek

A = 2. CAc vecto riéng tuong img véi A =2 c6 dang p.c_z.‘ ne kK

-A 1 0 |

_|-4 4-12 O 1| _, 03
B-Ml=|_5 7,4 [FR-DO-2)
o0 0 0 1-1A

A = [. C4c vectd riéng (wrong tng véi A =1 ¢é dang p(4, 5,2, -1), p € K.

A = 2. C4c vecto rigng tuong (ng véi A = 2 ¢d dang u(l, 2, 0, 0) va
(0,0, 1,0),pvay ek,
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I-x -1

=(A-2)2
bR

-

C4c vecto rieng tuong tmg véi A =2 c6 dang u(1, -1), chi minh vecto
(1, -1) khong thé thanh 1ap mot co s&f cho khong gian K2, vay ma tr4n
khong chéo hoa duge.

b) oM =

2—-x 1
) 3_J:(x-l)(x—nt)

Ta c6 hai gi4 tri riéng phan biét, vay 14y hai vecto riégng tuong tng
theo thi ty véi A = 1 va A =4, 1a dugc mot co sd cho K* ma trong d6 ma

tran d4 cho trd thanh
1 0O
0 4
D el)=-21+227-x-1

Néu K = R, thi viec nghién ctu ham @(X) cho ta bigt ¢(X) chi cé6 mot
nghiém thuc va hai nghiém phic lién hgp. Vay ma trn khong chéo héa
duge, vi chi ¢6 mot nghiém thuc. Néu K = C, ta ¢6 ba nghiém phan biét,
vAy ma trn chéo héa duge .

36.b) (M) = (1 + A)* (1-})
A = -1. C6 hat vecto néng doc lap tuyén tinh E::el +&, va

g:—s‘ +353,lu0ng1}ngvdik=-l.
A= 1. Co mOt vecto rieng e, =€, +&, +£, tuong tng véi k = I. Ba

vectarieng ¢,, e,, ¢ 1ap thanh mot ca s 1am cho f ¢6 dang chéo

-1 0 0
B=| 0 -1 O
0 0 1
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Ma tran T chuyén tr co s@ {e, €5, €3) sang' ca s

le;, €5, €3t la:

Turdétacé: A=T 'BT.

37. Ta xé1 lai ma tran A trong bai 36 b). Tacé :
A"= (T 'BTYT 'BT)...(T 'BT) =T 'B'T
Nhung B’ =, tird6 B* =1,, B**' = B. Vay :
A" =1, n =2k,
A=A, n=2k+ 1.

38. Goi u : R' - R* 12 tw déng c4u cé ma tran 13 A d6i véi co s& chinh

—. e — —

lic @ ={e, e,, 4, ¢, }clia R®. Tinh da thic dic trung (L) clia A :

oWy = A=A = (=1)*

Cic vecto rieng tuong ting vét nghiém boi cdp 4, A = 1, c6 dang
u(l, 0, —t, 0), & € R. Nhir vay ta khéng thé c6 ban vecto riéng dbc 14p
tuyén tinh tuong g véi & = | dé c6 mét co s& trong d6 u c6 ma tran
chéo. Bay gio ta hay ¢8 ging tam gidc hoa ma tran A. Mudn vay ta 13y

ot vecto riéng f] =(,0, -1,0) = e, —Cg Ta xét hé co sa.%:

»’:{fl, fz) f3' f4}

trong do
fi = e - e e =& +f
fj = €9 €y = fz
f} = €3 = €1 = f3
f4 = 64 C4 - f4
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Ta hdy tinh ma tran A, = mal(u),.
u(;l.) = f_l- (i’: la vecto riéng tuong Ung véi gid tri rieng A = 1),

u(i;;):u (c_;) :-5; +5;; +7c? —4;: (cOt 2 cha ma trin A)
=-5(F, +f3)+5f, +7f, —4f,
= .S, + 5, + 2f, - 4f,,

u(fy) = 2f, +f,,

u(f, ) = -6f, + 4f, + 5f, - 3(,.

T d6
1 -5 2 -6
0, 50 4
may == 0l o s
0i-4 0 -3

bat H=Rf, ®Rf, ®RI,, acé R* =Rf, ®H.
Gia str u, = uj,,. Xét tich cdc 4nh xa tuyén tinh sau day:
H—RY P H
trong dd p: E :RE ® H — H la phép chiéu len H. CO p o u, € Endg(H)

va ma trin cta p © u, d6i véi coso(f,, Iy, f,} trong H chinh la ma tran
cdp 3 dong khung trong A :

5 0 4
mat(peu,) - — — = 2 1 5|=B,
(f2 f3 )
-4 0 -3

Ta hdy tinh da thic dac tnmg @y (X) cia ma trdn By:
1

- @ ()= (1AY
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Cac vetd riéng tuong img vai A = | c6 dang

1(O,1,0) =p(0f, + 3 +0f,)=pfy.peR
Bay gid ta lai xét mot co sd khdc:

(g:‘g15829 83, 34}

vai
g =1 =g
g, = =g
ga=ly - £, =g,
Ta hay tinh mat(u),
u(g))=u(f)=f =g,
U(g) = U(E) = 2a + f: (xem cot 3chiama trAn A )
=2, +g,
u(g ;)= -58, +28, + 585 — 48,
u(g,)=—6g, +58, +48, -3¢,
Viy:
| 2 -5 -
mat(u), =A, = 0 1 NUSR— 5
i 0 0 {5
0 0 -3
bat: J=Rg, ®Rg, va u, =u,. Xéttich:

i

J—2 3R* P 51, plaphép chitu.
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p o u, € Endg(J) va ma tran clia p o u, d6i véi co sb(g. é:} trong J
chinh la ma tran cip 2 dong khung trong A,:

1 ) — S R
alu = =
mapeth (8 2y (-4 -3 2

. Ta hay tinh da thic dic tnmg @, (A) cia ma trén B
2
s (M) = (1-1)"

Ciéc vecto niéng tuong tmg voi A = | cé dang: p(l-1) = p.(g_; - g_L;),
i € R. Cudi clng ta xét co sO:

‘y{,:{hl. h2, h3. h4}

vGi
h 28—1. B—l:_:
hy =g, = gy=h
hy =g5-g4 gy = hy+h,
h, =g, 24 =h,
Tir dé:
u(h) U(g,)—gl—h
n(h )—u(gz) 2g|+g2_2h +h
u(h )~h| ’%h +h
u(h )= 6h +<h +4h +h
Viy :
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A; 12 mo6t ma tran tam gidc, cdc phén tir ndm trén duong chéo chinh
12 cdc gid tri riéng cua ma trin A di cho, 0 day bén gia tri riéng déu
bing nhau, d6 12 nghiem boi A =1 cdp 4 :

Ta hay tinh c4c ma trin chuyén co sd. Ta lan luot c6 :

£ — 7. A =T'AT, véi
I 00 0
0 1L 0O
T=_101 0
0 00 I
- 50 A, =T'A, T, véi
1 000
001 0
T=lo 100
000 1
G2, Ay=T;'AyT,, véi
10 0 0
01 0 0
%00 1 0
00 ~L |
Vay
B S .
10 00
\
00 10
TTT= | | o ol
00 -1 1
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Chuong VI

DANG SONG TUYEN TiNH.
DANG TOAN PHUONG

§1. TOM TAT LY THUYET

Trong chuong nay ta chi xét cac R - khong gian vecto.
1.1. Dang tuyén tinh trén mét khong gian vecto E

MOt dang tuyén tinh 1a mot Anh Xa tuyén tinh tir R - khong gian vecto
E vao R.

f = dang tuyén tinh trén E <> f € Hom &(E, R) = E*.
1.2. Dang song tuyén tinh trén mot khong gian vecto E
f:ExE—>R
(x.y) > (Y)Y
f 12 mOt dang song tuyén tinh trén E néu f 1a tuyén tinh d6i v4i mbi
hién x,y.
Dang song . tuyén tinh f 1a dé6t g néu:
fX.y)=1(y.%)

1.3. Ma tran cha dang song tuyén tinh

Gia st {sl.“.‘;}la mot co s cia khong gianvecto Evaf: ExE > R

12 mot dang song tuyén tinh trén E. Dat f(g: t-—::) = élj € R. Ma trdn (a,):
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ﬂn] an2 o a

goi 1a ma trdn clia dang song tuyén tinh f trén E dGi véi co so
{ey.....e, } . N€u { d6i xiing thi ma tran A d6i ximg.

Ma tran A = (a,) hoan toan x4c dinh dang song tuyén tinh f. Néu:
Iy

Y=Y & +...+Y, €,

-~ - n n
thi: f(x.y) = ZZaijxiyj
i=1j=1
hay viét du6i dang ma tran:

f(x.y) = 'XAY

X Yi
trong d6: x=1"2] v=|%2| "=(xx,.x,),
Xn Yn

*X 12 ma tran chuyén vi cda ma tran cot X.
1.4. Anh huéng cia viéc ddi co s6 déi véi ma tran cia dang song
tuyén tinh
Xét dang song tuyén tinh
:ExE—-R
va hai co s& {g, ,....e_n-}; {E;‘:} cha E, T 1a ma tran chuyén Y co

s3 thit nhat sang co s thit hai, A = (a,) 1a ma tran cta f di vai co sb thi
nhét, B = (b,) 1a ma tran cla f d6i vdi co sd thi hai; lic d6

B =‘TAT, ‘T 12 ma tran chuyén vi cba T.
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1.5. Dang toan phuwong
Cho dang song tuyén tinh d6i xing;:
f:ExE >R
Anh Xa
oE—->R
X B o(x) = f(x, x)
20i 12 dang todn phuong trén E \ing v6i dang song tuyén tinh d6i xdng f,
con [ goi la dang cuc cia dang toan phuong . Ta c6:
- - ] - - - -
f(x.y)= EL»(X +Yy) - o(x) - m(y)]
1.6. Ma tran cuia dang toan phuong
Gia sir {s_; ..... ;} 12 mot co sd cia E, f 1a m6t dang song tuyén tinh
d&i ximg trén E, A = (a,) 1a ma tran cia f d6i véi co sd {;l.;} bé
la mot ma tran d6i xing vi a, = f(si.aj Y= f(x»:j.si )=a,

Ma tran d6i ximg A = (a,) clta dang song tuyén tinh d6i xing f d6i

V6i { dBi v&i co s (g,....& ).

Néu ;zix,;,thi

(=1
- n n
o(x)= ZZabxixJ
i=l j=t
hay viét du6i dang ma tran:

o(x) = "XAX
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1.7. Dang toan phuong xac dinh

Dang toan phuong @ trén khéng gian vecto E goi fa xdc dinh néu
®(x)=0 kéotheo x = 0.

Ngu‘(n ta chiing minh ring néu o la mot dang toan phuong xéc dinh
thi co(x) ¢6 cing mot ddu véi moi x20.

Ngudi ta bio o 1a xdc dink duong (dm) néy o(x) > 0(@(X) < 0) véi

moi X # O thudc E.

1.8. Pua dang toan phuong vé dang chinh tdc
Gid sir @ |3 mot dang toan phuong trén khong gian vecto E, va
{n}++»Ny,} 12 Mot co sd cia E sao cho:

o)()-()zikixi2 [;( =ixi;{i}
i=1 i=|

thi biéu thic trén duge goi 1a dang chinh tdc cha dang toin phuong w.
Viéc tim mot co sd trong E dé o ¢6 dang chinh tic duoce goi 13 dua dang
toan phuong vé dang chinh tic.

Ngudi ta ching minh ring bao gi® cing dua duge mot dang toan
phuong vé& dang chinh tic.
1.9. Pinh ly quin tinh

Mot dang toan phuong c6 thé ¢6 nhiéu dang chinh tic, song chiing ¢6
mot diém chung:

Trong hai dang chinh 1c¢ b4t ky cua cing mot dang toan phuong, s6
céc hé s6 duong bing nhau va sd c4c hé s6 Am bing nhau (ludt qudn tinh
clia dang toan phuong). '

1.10. Khong gian vecto Euclide

Dang song tuyén tinh d8i xing f trén khong gian vecta E goi 1a mot
tich vé huong trién E néu dang toan phuang o tuong ing véi né x4c dinh

duong. Ta ky hicu f(X.y) = X.y va goi I tich vo hudng cia X va y.
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- =~ -~ =2
Néu x=y,taviét x x=Xx .

Khong gian vectd n chiéu E goi 1a khdng gian vecto Euclide néu trén
E c6 mot tich vo hudng.

1.11. Cu s¢ truc chudn

Gii sir E 1a mot khong gian vecto Euclide.

1.11.1. Hai vecto x, y € E goi 12 truc giaonéu x.y = 0, ky hieu xLy .

- -2 ~ -
1112, X € E. tagoi VX 13 chudn ciia X, kY hiéu “x“

1.11.3. Cosd e = (e_;,e_z-....,en) cba khong gian vecto Euclide E duge
goi 12 co s& tnre chudn néu

g8, =8,,i,j=1,2,..,n.

ys

1.11.4. Nguoi ta chimg minh moi khong gian vecto Euclide E n chiéu
(n > 2) déu c6 co s true chudn.

bé xay dung mot co sd truc chudn tir mot co s& da bidt, ta c6 thé si
dung qud trinh triee chudn héa ctia Gram - Schmidt. Ta c6 thé 18y n = 3,
va thuc hién viéc tnzc chuin héa theo Gram - Schmidt; trudmg hop n téng
quat cing lam nhu vay. Ta hdy xuft phat thy mot cosd {e,€,.€4}coa E;

1a x4c dinh {{},1,.f,} nhu san:

—_— — — f— J—

fi=e. f,=e, +A,fif, =e, + A, f +A,

tw

véi didu kien: f,.f, = f, f, = 0. Cic diéu kien d6 s x4c dinh duy nhat
A’.’l’ A'.'ilv A‘J‘l'

Trude hét ta chi § cic veeto f,,f,.f, xéc dinh nhu vAy & chuin

khdc O vi €,€,.8, doc lap (uyCn tinh.
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f.E =0=>A,, =——%
1- 2 21 —
A e, I?
— f, e,
- _ .4
13 =0= Ay = - ——
Tl
—— f,eq
23
203 =00y =——==
e I
- f —_——

]

e

Cudi cing ta chuiin héa: £, = ,i=1,2,3.(8,,6,.85} lamot co

& tnye chudn.
1.12. Khong gian con tryc giao
E 12 mot khong gian Euclide, F 1a mot khong gian con ciia E.
H={xeEIx Ly.VyeF)
H 12 mot khong gian con va E = F @ H. Ngudi ta goi H la khong gian
con bit true giao voi khong gian con F.
1.13. Phép bién déi truc giao. Ma tran tryc giao

E 1a mot khong gian vecto Euglide, f: E — E la mOt ty dong ciu. f 1a

mot phép bidh doi truc giao néu f bao 1oan tich vo hudng -
f(x)f(y)=xy.Vx,yeE.

{ bién d6i truc giao < f bién  co s3 truc chufn thanh mot co s&
true chudn.

A =(a), -\ .12 matrdn tryc chufin nfu ‘A A =1,.

f bién d6i truc giao <> ma tran cia f d8i voi mot co s truc chuin 1a
mOt ma tran tnre giao.
1.14. Phép bién dai doi xdmg. Ma tran doi xing

E 1a mot khong gian vecto Euclide, f: E — E 1a mot tu déng cdu. f 1a
mot phép bién doi dai xing néu:
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xf(y)=f(x)y,Vx,y€E

f bi&n d6i d6i ximg o ma tran cla f d6i véi mot co s& truc chufn 1a
moOt ma trdn d6i xing.
1.14.1.Né€u A 12 mOt ma tran d6i ximg c4p n v6i céc thanh phin 12 nhimg
s6 thuc thi da thic dic tnmg @A) = |A - Al] cla A c6 n nghiém thuc,
mbi nghiém boi cap m duge coi 1a m nghiém bang nhau.
1.14.2, f : E — E 1a mot phép bién d6i d6i ximg clia khong gian vectd
Euclide E, ), va X, 12 hai gi tri riéng phan biét, E‘";(O v E; () |2 hai
khong gian con riéng tuong ing vdi A, va X, (ch.V, 1.10); thé thi Ext(f)
va E; (f) truc giao v4i nhau.

1.14.3. N&u : E — E 12 mot phép bién déi d6i xing clia khong ian
veetor Euclide E, tht E c6 mot co s& truc chudn gém nhimg vecto riéng

cuaft: {;;,;;,...,en}.

Maéi vecto rieng tuong dng vai mot gia tri rieng cua f. Néu A, 1A
mol nghiém boi cdp n,, thi sé€ c6 n, vectd € tuong tmg vai A,. N6i
céch khéac, néu A, c6 s6 boi n,, A, ¢6 s6 bdi n, ,..., A, c6 s6 boi n,, va
n+n, +..+n, =uqa,thi

dim Exl(t) =n,, dim E;ﬁ(t) = Nyy..., diM Elm(f) =n,,
va E= Ekl(ﬂ & Ell(t) @..8 Exm(DA

1.14.4. Pua mot dang toan phuong trén mot khoéng gian Euclide R® vé
dang chinh tac.

Gid s @ la dang toan phuong trén R" ¢6 ma tran A d6i v&i co sd

¢ = {c;,.e, } chinh tdc ciia R". Xét phép bién ddi d6i xing f: R® — R"

¢6 matrdn la A d6i v8i cosde. Dite = {g,...6,) 12 cosd trre chuén
gém nhimg vectd riéng cha f. Khi d6 ma tran T chuyén tir co s& ¢ sang
ca 88 € 12 mot ma tran trnue giao (T = 'T). D6 véi co sd g, ma tran cla
dang todn phuang © 1a ma tran chéo B:

B = ‘TAT.



§2. BAI TAP
DANG SONG TUYEN TINH

1. Vi€t ma trdn cha dang song tuyén tinh trén R?, & day
0%, X1 X5 BY LY 2 Y5

a) (p(a,ﬁ) =2X,y, —3x,y; +4X,y, — XY

b) qzo(az‘,ii')‘-:4x,y2 -5x,y, +8x,y, —6x%,y, +X,y;.
2. Tim ma tran cta dang song tuyén tinh d6i xtng trén R*:

a) q)(a,ﬁ)z 5x,y, +4x,y, —3x,y, +6X,y; —X,¥;;

b) (p(a,ﬁ): 2x,y, —6X,y, +X,y, - X,Y; +5x%y3A

3. Cho ma tran cha dang song tuyén tinh ¢ trén R® ¢6 ma tran d6i v&i co
s& chinh tic 1a

4
A=|-1
2

N O
D O

Tim ma tran clla ¢ d6i vdi co s& (E) g26m cdc vecto:

& =(0.21).§, =(1LL,0),§, =(-13,0).
4. Cho dang song tuy&n tinh ¢ trén-R* c6 ma trin d6i vdi co sd (g) 1a -

2 -1 1
A=10 3 5
1 0 -2
Ma trin chuyén tir co sd (g) sang cosd (E) cha R*12
1 10
T={2 0 1
01 2

Tim ma tran cta ¢ d6i véi co s8 (E).
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DANG TOAN PHUONG

5. Tim ma tran cla dang toan phuong trén R’ c6 biéu thifc toa d6 sau:

4) a)(; )= x12 +x§ - 3x,X,;
b) m(a )= 2)(,2 +—3x% - x% + 4x,X, - 6X X1 + 10x.X;;

co(a)= 2xf + 4x§ + 9x§+ 4X,X, - 6X;X; - X,X;.

6. Cho cic dang toan phuong sau ddy duge viét dusi dang ma tran. Hay
viét chiing dudi dang thong thudng:

3 0 —l\/x|
a (X, x, X)) 0 -2 1x, |5
\—l 1 2 X4
‘4 1 oYx,
\O -1 -1 X4

Vié&t cic dang toan ph\mng sau dAy dudi dang ma tran:

c)m(a)— %xl -X5 24 4x X, o = (X, Xy);

d) m(a) = xI + 2x2 - 6X,X;5 - 2X,X; + X;X,.

7. Tim biéu thitc toa d6 cia mbi dang toan phuong dudi day sau khi thuc
hién phép bién ddi toa d6 tuong ing:

a)o(a) = 5)(l2 - 3x§+ 6X,X,, @ = (X4, X3, X3);

X1 =Y
X5 =Y, 7Yy

b)o(a)= "12 ~2x§ +x§-4x,x2 - 2%.%;, @ = (X, X5, X3); -

X; =Y, +2y2
X,=Yy
X3=Y¥27Y3
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o(a)= le2 - 3x§ - 6X X, + 2X,X; - 4X,X3 , O = (X, Xy, X3);

y
X; =Y +2y; ‘33‘
X2 =Yy
X3=Y37Y,

d) w(& Y= xf —x§+ 2X,X, - 4X,X, + 6X X, , a= (xl,-x,, X3);
Jyl =X; +X, —2X5
Y2 =Xy
ly3 =Xy X3
BUA DANG TOAN PHUONG VE DANG CHINH TAC
8. bwra cac dang toan phuang sau vé dang chinh tic:
(Du6i day o = (X4, X3, X3) € R?)
a) X|2 +2x%+ 2X,X; + 4X,X; ;
b) xl2 +4xg + x% - 4X X, + 2XX4 ;
c) xf + x% + x§ - 2X X, + 2X X5 + 2X,X;5 ;
d) 2x§2 + x% - 3x% - 4X,X, - 4X,X, 5
) 2)(12 +x§ +3x§-4\/5x2x3 ;
1)) 2x§ + x% - BX, Xy + 2X,X4 - 4X,X;5 5

9. V@ cac ky hiéu trude dinh 1f 2, §3, chimg minh ring mot dang toan
phuong x4c dinh am khi va chi khi

(-)*D,>0.k=1.2, ... n.
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KHONG GIAN VECTO EUCLIDE

10. Trong khong gian vecto Euclide ta dat:

—_—

cos(u B)'~ L
e I|[3l|
va goi d6 12 cosin cua géc gita hai vecto a va ﬁ

Hay tinh chudn va cosin cha géc gilta hai vecto sau trong R’:
2) a=(1,2,3%B =(0.21);
b) o =(1,0,0:8 - O1,~1).
11, Trong khéng gian veeto Eucliéc R’ cho co s gém:
£, =(1,2, 3¢, = (020)5, = (003)
Truc chuin héa hé vecta di cho.

12. Trong khong gian vecto Euclide R*, hdy tnrc chudn héa hé vectd
gdm ¢4c vecto sau:

e, =(1,0.1, 258, = (-10~L0%e, = (00218, = (OLLY).

13. Trong khong gian vecto Euclide E véi ¢d s truc chudn (e.€,.84).
Hay tinh ap.lia ILIB I cos@f):

a) a =3 -26,.B =5, +4ey:
b)a-sl+%a:-;[§_ el+2€+;
c)a 4.s:+;ﬁ_ _l.+;
d)a 21-:l +;;[-3 25 +‘£s

e)a_ g, +232+5 B=g &, +5€,.
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14. Tim ma trin tryc giao dua cic dang toan phuong trén R? sau day vé
dang chinh tic, (¢ =(X.X,.,X;)€ R3y:

a) a)(c).)zjxl2 +9x§ +9x§ —12x,x, — 6x,X4:

b) m(&)=4x|2 +x§ +9x§ — 4% X, —6X X4 +12%X5;

c) (o(a)=5x12 +x% —x% +2xlx2 —4x,X4 —2x‘x3;

d) m(a)=3x]2 +3x% "'3":2; + 2% X4 +4X,X 4 — 4K} X5.

15. Gia sir A 13 mOt ma tran d6i xing thuc c4p n sao cho A* =1, (ma tran
dom vi) vii k € N*,

a) Chimg minh A’ = 1.

b) Gia sir E |2 mot R - khong gian vecto n chidu, B = (g,....c _} 12

mot ca sd cua E. Xé1 phép bi€n d6i song tuyén tinh ¢ ¢6 ma tran la A
d6i Vi co sd B, A phii thé nao d€ ¢ 1a mot tich vo hudng trén E?

16. Gia st E la mdt khong gian vecto Euclide, S= {u,,...‘,;:} 1a mot ho
vecto trong E, k € {1, 2, ..., n}. bat:
(AS)U = u\'uJ )

1a duge ma trin A € Mat, (R).

a) Chimg minh S phu thudc tuyén tinh khi va chi khi | A¢l= 0.

b) Ching minh hgS = hgA..

¢) Chimg minh | Agl> 0.
17. Gia sir E 12 mot R - khong gian vecto n chiéu, @ 12 mét dang toan
phirong xac dinh duong, ¢ 13 dang cuc cia o, va E ta mot R - khong
gian vecto Euclide véi tich vo6 hidmg . Cho a e E, o #(.). Ngudi ta
xdc dinh cdc 4nh xa sau day:

FE—>E x> f(x)=o()d - @a, X)X
S E>R X 5x) = olax)? —oxa@),
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a) Chlmg minh & 1a mét dang toan phucng tinh m(f(x)) vik
q>(cx t(x))qua m(x)vaﬁ(x)

b) Chitng minh §( x) < 0. 8 c6 phai lamot dang toan phuong x4c dinh
am khéng ?

¢) Chitng minh vdi moi ; e E, f(;) va ; tryc giao.
d)GiastdimE=2va {;,ﬁ} 1a mot co s@ cua E. Hay cho mot cd s&

truc chudn cia E.

18. Gia st E 1a mot khong gian vecto Euclide vé f: E > E 12 mot phép
bién ddi tnrc giao.

a) Ching minh
f bign d6i truc giao & Il F(0) lI=lix .

b) Gia sit dim E =n, A € Mat,(R) 12 ma tran cta f déi v6i mot co sé
tryc chudn cia E. Chimg minh |A ] e {1, -1}.

c)GidstE=R’ e = {e_l-‘;;} 12 hé.co s8 chinh tic. Xét dang song
tuyén tinh d6i xiing ¢ cé ma trdn

), =B = 01
ma((pe_ - 1 0

vau: R* = R*1a mor tu déng cdu bio toan ¢, nghia ta:
¢ u(x),W(y)=¢(X,y)
Ching minh mat(u), € {1, -1}. Tim dang clia mat(u)..

19. Xét R - khong gian vecta R® va bon vecto sau day:

t,: x > cosx, f,: X sinx,

fi: X P cos2x, f,:XH>sin2x.

a) Chimg minh # = {f, {,, {5, f; } d6c lap tuyén tinh.

b) Xét R - khong gian vecto E c6 co s la #. Ta xét dnh xa:

189



¢:F" >R

2n
(.9 olf.2)= = [fx)e glx)ix
0

Chitng minh ¢ 1a mét tich vé huéng trén E va hay cho mét co s6 truc

chufn trén E.
20. Xét ma tran A € Mat (R):
(0 0 - 0 a
0 o 0 a,
A=
0 0 0 a
2y A1 3,

a) Ma tran A c6 kha nghich khong?

b) Xét ma tran A —il, € Mat, (C).

Chung minh A —il, kha nghich trong Mat,(C).
¢) Chéo héa ma tran A.

Li giai

20 0
1.a) ;0 0 -3
4 0 -1

N— 7

5 2

0 3 -

3 -2 -6
3. mat(@)="TAT=|9 5 3
1 -9 -1
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01 -1
trong do: T=|2 1| 3
1 0 O

12 ma tran chuyén tir co s& chinh tic sang co s6 E.

1 -3/2 0
S.a) | -3/2 | 0
0 0 0

6. a) 3x12 - 2%, X, - 2x§ + 2X.X; + 2x§ .

- X, 3 2 -
c) co(a):[x2I2 _J(X, X, =(X; X,).
©7.2) o(@)=8y3 —3y2.
b) a(@)= y? -7y2 +y2,

B.a) yi +y3 ~4y3i%, =2y, -y Xa = Vs oY1 X5 = Ve

2
f) ylz‘yz—)’%;Xl=y3-y,_,x3=y2,x3=y,+3y2-y3,

9. Ta nhéc lai dinh 1y 2, §3:

Gia str:
a2 4n
A= a5 a22 aZn
a, 3 Ahn

la ma trdn cia dang toan phuong trén khong gian vecto V. Khi d6 o 1a
x4c dinh duong néu va chi n€u moi dinh thitc con chinh
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a5 Ap 4k
a a a '

D, = 21 A4 %| w=1,2,..n
Ay Ay, ayy

cliia A déu duong.
Bay gidy ta quay vé bai tap. Ta c6:
o xdc dinh 4m < - xdc dinh duong.

Néu A = (a,) 12 ma tran cla o, thi - A = (- a,) la ma trin cha - o.
Theo ding ly trén:

173 Ty ot T
-a, -—a o —a :

- » X4c dinh duong < 21 22 2K = (1) D, >0
TAk TAgy vt Ty

k=1,2,...,n.
E": \/l_4.|}ﬁ|=\/g.cos(;.[§) =J7/10 .

b) H;H = 1“[3” = \/E,COS((;.B) -0=a véﬁ truc giao.

10. a)

11. bar:
Gele
- |-
03 Zgﬁ_\
Ta duge:

¢, = (10).
c, = (0.10).
¢y = (00.).
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D6 chinh 12 he co s& tnye chudn cthinh tic cha R'. Qud trinh tnrc
chuin hod niy nhanh, do hé vectd {5_;‘*3_2.-;;} don gidn gidp ta nhin
thdy ngay mot hé co s& tryc chudn. Néu ta 1am mdy mdc nhu trong ly
thuy€t (xem §1, 1.11.4) thi s& phitc tap hon nhiéu.

12, bat g: :E—l. va xét;+?\2181 véi diéu kién vecto ndy truc giao véi
8,:8,.(e5 + 15,0 I)—0 Tir d6, ta dugce:

512 )

Vay: —+)~.2151 [

Ding 1& Uy 5, =g, +%, 3, nhu tong (§1, LI1L4), ta ly

- 3= . = . )
85 ==7(65 +13,8,) =(1,0, 1, -1) dé trénh nhing phan 6.

Tac6: 8, va &, tryc giao. Bay gid ta xét vecto:
€4+ Ay 8, +14,8,
va (a musn vectd niy tryc giao vdi 8, va b,

- tiuc giao vai 8—. :

—2
5, (eq+1“51+7«.326 y=0= 8 E +k”6
= A :_ﬁ=_3
8
- true giao vdi 8_2-
5 (e s A B bpea |
5(B4+ A8, +X4,8 2) =0=> Ky =— — =_§
62
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Vay: -=8, ——8, =(-1L0,1,0).
1y Eq 3017 3% ( )
Vecto trén c6 cfic thanh phin 13 nguyén, nén ta 14y thing:
8, = (-10,10).

Cuéi ciing ta xét vecto:

; +7‘41E’|- ”‘425? + 143;5;

Lén lugt ddi hdi vecto d6 trye giao vdi 8,,3,.84 ,1a co:
Ay = =ik, =0k = —
41 ‘_5’142 =Ohg =3

va ta di dén vector 8_4- = (0.1,0,0) truc giao véi 8_;52—8_; . Cuéi cung h¢
vecto:

L _1/v6,0.17V6.27/6),
s, I

5,

"2 —(1/30N/V3-1/3),
16,1

5,

2 = (—1/201/2.0),
N

3, =(0.1,00)
1a truc chudn.

Loi binh: Khong gian vecta R* di ¢6 co s& truc chudn chinh tic

(e).e5.€5.€4}, thi cdn gi phat chimg t6 R* ¢6 mot ca s tre chudn. Bai
todn nén sira nhu sau dé ¢é y nghia: trong R* xét khong gian con sinh

bdi {;.g.g}(chﬁng han), hay tim mét ca s& truc chudn cho khong
gian con d6; hic d6 cic vecto
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3 5

o, 0 N&, 11 &,

3 trén chinh 1a mot co s tnge chudn cho khong gian con dang xét. D6i
vdi bai 11, ta cing ¢é nhan xét twong tu.

13.2) - =(3e, ~26,)s, +4eq) = -2,

o ll=VI3HB 1= V17,
~- -2

cos(a. B) = W .

14. a) Ma trin A cia dang toan phuong o d8i véi he co sd tnre chudn

chinh tic e = {g,.,6,,£,} trong R 1a:

5 -6 -3
A={-6 9 0
-3 0 9
Xét da thicdactnung ¢p(A) cha A:
5-37 -6 -3
oM =lA-Ml=| -6 9-1 0 |=AO-N)(14-1)
-3 0 9-A

@A) ¢6 3 gid tri rieng phan biét: 0, 9, 14. Ta 14y ba vecta ridng

—~. —— ——

E|.E,.E4 (Uong Ung theo thif (g véi 0, 9, 14 va ¢6 chulin bing 1:

g, =(3/V14.2/414.1/J18),
&, =(0.1/5.-2/3).
64 = (-5//70.6/70,2/J70).

— — —

€ = {€,,£,.4) lam thanh m6t co sd tryc chudn, sao cho n€u

A=Y &) +Y €y +Y,€q,thi:
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a(a) :Oyl2 +9y§ + 14y§' .
Ma (ran tnrc giao M chuyén nr ca s& e sang ca sd € 1a:

14 0 —5/4070
M=|2/J14 1/J5  6/470
1/J14 —2/J5  3/J70

d) Ma tran cua dang toan phuong d6i véi cosde :
31 -2
A= 1 3 2
-2 2 3

Pa thiic @A) = -A* + 917 - 18A - 8 cla A c6 ba gi tri riéng phan biét:

k’1=4)
5+\/§
)-2= v
2
5-433
k3:

cho (a ba vecto riéng di chudn héa:

e, =(1/v2,1//20).

— — — 8
CEy = oy I=1/lley I, -
(-v33)lle. |
o . 1
g,=| /o, l-1/lo, l],-—J_f.':Q
(1+V33, e, 11

trong 4o :

m——[l-lL]
U M=)
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0, =

[plL
B VEY)

Ma (ran tryc giao cdn tim 1a ma trin c6 cdc cot theo thit tu 1A cédc toa

do cua E].E5.Eq .

15. a) A 1a mot ma tran d6i xung thuc nén A ¢6 n gié tri riéng thuc A,
A3, ooy Ay, Ta ¢6 quan he dong dang:

)"l
0
_ -l }\2
A=T 0 T.
)\'ﬂ
Vi A* = [ nén:
K
A
k
L=T" o) T
}»k
n
hay
3
Ay
k
TLT' =1,= A

Vay A= 1Li=1,2,...nTurdé ke [1,-1) = A7 =1. Vay
1

Al=T" . T=1
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b) DE @ 1a mét tich vé hudng trén E, thi dang toan phuong o cla ¢
phai x4c dinh dwong, nghiala ), > 0,1 =1, 2, ..., n; trong tnrong hop nay
M=h=.=l=1ViyA=1, '

16. a) Trong khong gian vectd Euclide R, ta xét co s& tnrc chudn chinh

tice = {¢ .e,.....e, } v c4c vecto:

—_—— —

. k
n <, :Z(ui.uj)cj
=i
Lay (A, ..., &) € R¥, vA xét cdc vecto:

) v=Y%u €E

M~

1

e
1l

K
©) §=3 4, eR*
i=1
Theo (1), ta c6:
c= Zki Z(“i-“j)°j= Z Zki(ui.uj)ej
I<isk  1g5<k 1<k I1<i<k
= Z(v.uj)ej
1<)k

Tir 46 ta suy ra néu v =0 thi ¢=0. Pao lai gia sit ©=0, diéu d6 c6
nghia ’

Viay :

hay ¥ = 0(do tinh chdt cba tich vo huéng).
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Két luan:

<i
]
(=]
ol
It
ol

Mat khic:
S phu thuoc tuy€n tinh <> 31, 20 dé v =0 (xem (2)),

|Agl =032, 20dé ¢ =0 (xem (3)).
Viy:

S phu thuéc tuyén tinh & | Al = 0.

b) Gid sithg S=r <k, v (u,.....u_}doc 1p t6i dai. T a), dinh thic
cua ma tran con sau day clia Ag:

Uy .Uy .. u,.u

..............................

1a khac 0. Cdc ma trén con trong Ag bao ma trdn trén déu ¢6 dinh thic

bing 0 ¥i {u,....u .}, p=1, .., X - 1, phu thue tuyén tinh. Vay
hgAs=r. o

c) Ag 12 mot ma tran d6i xing thuc, ta c6 thé coi né Ia ma trin cla
mot dang toan phuung o trén R* d6i v4i cd s& chinh tic e. Gia sir
X= (o, -..,0) € R". Tacé:

il
oX)=(a,...a A | : =Za.a (u .u)=
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trong dé ;rz Za-‘l-l—; thuoc E va ;;r 12 tich vo hudng cia khong gian

I<i<k

Euclide E. Tir & (; ) 2 0, ta suy ra cAc gid tri riéng Ay, As, ..., A, clla Agla
duong hay bing 0, do dé A, A, ... A, > 0. Nhung | A¢l=0,A, .. A,, vay
LASl> 0.

17.2) X & ¢ (a.x ) 12 mot dang tuyén tinh, vay ¢ (o..x )* 1a mot dang
(oan phurong va 8 1a mot t8 hgp clla nhimg dang toin phuong, vay & la
mot dang toan phuong.

Bay gid ta tinh o (f(x )) v @(ct, £(x) ). Ta duoc:

—~ =~

w(f(;)) (p(l(x)f(x)) (p(m(x)a -4p(a x)x m(x\a -p(o,X)x)

— = e —_— -

-Lp(m(x)a co(x)a) 2(p(cu(x)a a, x)x)+cp(q>(a x)x (o, x)IX)
= o(0(X) o) - 20(@(X) &, $(&,X)X) + ({3, X)X)

= o(x ) o) - o(x) ple,x )’

= 0(X) (@(X) (&) - ¢ (&, X)) = 0(X) B(X );

tyong 1y:

@la, (XN =a(x). o(a) - pla,X ) = -3(X).

b) Tir m(r(i)) = -w(;)B(;) va 0 xéc dinh duong (a suy ra 5(x) < 0.
Ta cé f(a) =0 (a # ()) va o (o.)> 0, vay 8(&)— 0 nghia 1a 3 triét

ticu khong chi véi x=0,5 khéng phai 1a mot dang toan phuong xé4c
dinh am.

&) p(x, f(X)) = o(x) ©(X) - (X, XY = 0. VAy x v f(X ) true giao
dai vai tich vo hudng ¢, vé moi X €E.
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d) Truée het vi {a. B} doc 14p tuyén tinh nén f(B) = 0. Mat khic,
theo ¢) ﬁ va I'(ﬁ) truc giao. Vay hé co sd truc chudn ma ta c6 thé 1y

ngay trong E la:
B (P
IBL WEE)N

18. a) f bién d6i tnge giao = f(X). {(y) = x.y = f(x)’ = X
liexy Il =0t x I

bao lat gia su

2

=

il =11 x Il = fx) = x*
T | A

= {E(x). Iy )=5[f(x +y)d(x +y)- l(x).t(x)—f(y).t(y)]
1 - - - -~ - - e
=5Lx+y).(x+y)~x.x—y.y
=x.y

b) Gid sir A 1a ma tran cia f d6i vai mot co sd trire chufn cia E. Theo

(81, 1.13)

'AA =1,
Vay

I"AlIAl =1AlI7 =1
Al e (1,1}

¢) Dbit A = mat (v),. Goi X va 'Y Ia dang ma (ran c6l cla cac veetd

nghia la

;,; € E. Ta co:
@(x, y)="'XBY

u(x) = AX,u(y)= AY.
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Vi u bao toan ¢, nén:
'XBY = (X, y)=@u(x), u(y)) =" (AX)BAY ="' X(* ABA)Y

v3i moi ; ;-Ta suy ra:
B="'ABA
hay |Bl = ‘Al IB}|Al=[Al*|B]

Nhung |Bl =-120,nen |Al>=1,vay |Al e (1,-1). Gidsit

A — [x Y]
z t
Ta suy ra:

0 1) (x zY0 1yx z] ( 2xy Xt+yz
1 0) ly ¢l olly t) (xt+yz 2yt
xz=yt=0,
xt+yz=1,

Dx#0=2z=0,t=1/x,y=0.
Dx=0=>yz=1l,z=1})y,t=0.

Vay A c6 dang:
x O
0 1/x)

0
hay y .
I’y 0

Tir hai tnrdng hop a) va b) ta ¢6 thé néi ring mot phép bién d6i tuyén
tinh bio toan mot dang song tuyén tinh cé ma tran khong suy bién thi
ma tran cia né phéi ¢6 dinh thic bing + 1.

Vay:

19. a) Theo (ch. II, §2, bai 40) R¥ = U @ V trong d6 U 1a khong gian
con cac ham sd chdn va V 1a khong gian con cac ham s6 1¢. Ta ¢6 cosx,
cos2x € U va sinx, sin2x e V. D€ chimg minh bdn veclo d doc lap
tuyén tinh, ta chi cn chimg minh sinx va sin2x doc 1ap tuyén iinh, va
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ciing vay doi -véi cosx va cos2x. Nhung trong (ch.ll, §2, bai 31) ta da
ching minh sinx va sin2x doc 1ap tuyén tinh. Viéc chimg minh cosx va
cos2x ciing lam (uong tu.

b) Ta d€ dang tinh céc tich phan ¢(f,, f,) dé thdy

(1) o(f,f)=58,1,j=1,2,3,4

Vay ¢ la mot dang song tuyén tinh ¢ ma tran d6i v6i co sd
{fl- fz, f3, f4 } la:

10 00
0100
=100 1 0
0001

Goi © la dang toan phuong cia @ va f = pf, + wf; + ,f;, + . f, € E.
Ta co:

|

o) =MAMAAd L | 2| =A% + AL + AL +45,20

3

i i

4

o(f) chi bing 0 khi { = 0. Vay o x4c dinh duong va ¢ c6 thé 14y lam-
tich vo huéng trén E.

Vi céc cong thit (1), hién nhién # 1a mot cd s3 truc chudn clia E.

20. 2) Ta hdy tinh | A | biing khai trién theo cot thit nhat:

o 0 ... 0 a
0 ... 0O a,
0 0 ... 0 a o o
a
Al=|... . . =D 2
0 0 0 a
n-l 0 0 a_,
4 a, . h "
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|Al =0khin>2, JAl =-2’, khin=2, | A} = a, khi n = 1. Mat khic
A khi nghich < |A] = 0.

b) A 1A mot ma trin dGi ximg thuye, nén cdc gid tr riéng clia né
Ia thuc. Néu |A - il] =0 (i i 1a mot gi4 tri néng cia A; nlamg i la
mot s6 phitc, vay 1 khong thé Ja gia tri néng cila A, néi mot céch khic
| A -ill 2 0: do d6 ma trdn A - il kha nghich trong Mai,(C).

¢) Trude hét ta nhan xét néu (a,, a,, ..., a,,) = (0, 0, -.., 0) thi A 1a mot
ma tran chéo, 1a khong con phaj 1am g1; vay ta gia sir (a,, a,, ..., 2,,) #
(0, 0, ...,0). Coi A A ma tran cia phép hién déi déi xung fcua R - khong
gian vecto Euclide R” d6t vdi cu s chinh tic e = {c e } Ta hay xét

truong ho‘p'n>2 Theo a), |Al = [A - 01| =0, vy Kerf—E;_O(f)-
khOng gian con riéng cva f twong img v6i gid tri rigng A = 0. Ta ¢é

X = (X,. X1, -..,X,) € Ker { khi va chi khi f(x)— AX =0, hay x,, X,, ... X,
la nghlém cta h¢ phuong trinh (uyé&n tinh thudn nhat:

ax, =0

asx, =0

S et e
a1 X, =0

(21X T A%, tota, (X HaX 0

Vi (a,, a,, ...,4,,) # (0, 0, ...,0) nén cé mot a, = 0, i
Vay phuong trinh a, x, = 0 cho tax, = 0.

Tir do

1
’M
=

|

X = (X, X3, X)) €E Kerfe x.u=0=x.¢

trong do G = (a,. &3, sy, D). Vay Kerf vi khong gian con
H=Ru @ Re,_ Iibitawe giao:
R" = Kert &® H.
Vi dim H =2, nén dim Kerf =dim E; ., (f) =n - 2. Nhu vay A =0 la
nghiém bot cdp n - 2 cla da thie dac trung p(X) ciia ma (ran A:
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o) = (=1)" X" (L = AD(A - Xy)
trong d6 X,, A, 1a hai nghiém khac O cia o(}).
By gio ta xét f |\

f(:l)= f(:alc—l +a2;+...+an_len_[ )

= a,f(e;)+a,f(ec, )+ +a,_fle, )

2

=(a21 +a%) +...+a§_l)en (theo ma tran a)

=Hulle,

f(en)=ﬂlél +aje, +..+ta e ., +a e =u+a e

Vay f, 12 mdt phép bién dbi d6i xiing cba H ma ma tran clia né d6i

B_(ao 1}
el a

n

vGi co so {u,e } la:

Xét da thare dic trung :

- A 1
’B‘“ﬂ{nﬁul a, —x]

ta duoc hai nghiém thuc :
= =
N :an+\,aﬁ+4||u|] :an—\/a§+4||u||2
: 2 ’ 2

va cing chinh la hai gia tri riéng khédc O cua o(A), da thifc dac trung clia
ma trin A. Tuong tmg vdi hai gid tri rieng d6 1a hai vecto riéng

2

u+Aje, vau+ise .Matran A dong dang véi ma tran chéo :

205



Trong (nrong hgp n = 2, ta duoc ma tran chéo:
i
0 2,

Ta cing ¢6 thé c6 két qua trén bing cach nhin ma tran A d¢ thdy
rang: [mf = RuEBRc =H, tir d6 dim Imf = 2, vy

vai A, va A, nhir irén.

dmE(f)=dimKerf=n-2
va A = 0 1a nghiém boi c¢dp n - 2 cla da thic @(X). Mit khéce, ta cd
xy=0,Vx € Kerf,Vy e Imf. That vay, y € Imf =y =f(z),z € R™;
cho nén ;; = ;.f(;.) = f(;).-z' = 6; =0 (do f d6i ximg). Ta suy ra:
= Kerf ® Imf .

v3i Imf 1a bu true giao clia Kerf. Tir d6 Imf = H = E,,(f) ® Ej (D v&i
Es(f) 1a khong gian con riéng trong Ung vai gid tri rieng A, (i = 1, 2)
khéc O cia @(X). D€ tinh A, va A, ta lai xét f;,, nhu trén.

206



MUC LUC

Lot ndi ddu

Chuong 0. SO LUGC VE KHAI NIEM NHOM, VANH, TRUONG
§1.T6m tit by thuyét
§2. Bai p

Chuong I. PINH TH(U
§1. Témn it 1y thuydt
§2. Bai 1ap

Chuong I1. KHONG GIAN VECTGO
§1. Tém tat lg thuyét
§2. Baitap

Chuong [11. HE PHUONG TRINH TUYEN TINH
§1. Tom tae l§ thuyet
§2. Bai tap

Chuong JV. ANH XA TUYEN TINH
§1. Tom tat ly thuyét
§2. Bai tap

Chuong V. MA TRAN
§1. Tém tat ly thuyét
§2. Bii1ap

Chuong VI. DANG SONG TUYEN TINH. DANG TOAN PHUONG
§1. T6m tat )y thuy&t
§2. Bai tap

Trang

19
19
25

105
105
109

133
133
144

177
177
184

207



Chiu trdch nhigm xudt bdn :
Chii tich HDQT kiem Téng Gidm ddc NGO TRAN Al
Phé Téng Gidm ddc kiem Téng bién 13p NGUYEN QUY THAO

Bién tap lan ddu va 1di bdn :
NGUYEN TRONG BA
Trinh bay bia .

MINH TRI

Stra hdn in :
NGUYEN TRONG BA

Ché hdn :

PHONG CHE BAN (NXB GIAO DUC)

BAI TAP DAl SO TUYEN TINH
Ma so : TK370h9 — DAI
in 1.000 cudn (QD:04), khd 14,5 x 20,5cm. Tai Nha in Ha Nam
S6 29 - Budng Lé Hoan - TP. Phl Ly - Ha Nam
86 in: 406. S6 DKKH xuat ban: 04/2009/CXB/316-2117/GD
In xeng va nép luu chidu thang 1 nam 2009.



HEVOBCO
25 HAN THUYEN - HA NOI
Website : www.hevobco.com.vn

I CONG TY CO PHAN SACH DAI HOC - DAY NGHE

TIM BOC GIAO TRINH
DUNG CHO CAC TRUONG DPAI HOC VE VAT LY

CUA NHA XUAT BAN GIAO DUC

1. Gido trinh co hoc Bach Thanh Cong
2. Vat ly ky thuat Dang Hung
3. Vat ly siéu dan va ing dung Nguyén Huy Sinh
4. V3 tuyén dién tu Ngac Van An
5. Tuyén tap cac bai tap Nguyén Van Hau
L Vat ly dai cucng (tap 1, 2) Ngé Quéc Quynh |

Ban doc ¢é thé mua tai cac Cong Ly sdeh - Thiét bi truong
hoe ¢ edce dia phriiong hodce cace cita hang cua Nha xudal ban
Gido duc )
Tai TD. Ha Noi : 25 Han Thuyén; 187B Giiang Vo,
232 Tay Son; 23 Trang Tién;

.Tai TP. Ba Nang : 15 Nguyén Chi Thanh; 62 Nguyén Chi Thanh
Tai TP, Hé Chi Minh @ 104 Mai Thi Luu, Quan 1;

Cuta himg 451R-453 [Hai Ba Trung. Quan 3;

240 Tran Binh Trong, Quan 5
T'ai TP. Can Tho : 86 5/5, duimg 30/4
Website : www.nxbgd.com.vn

i

498003468 KR7

Gid : 18.000 d



	BÀI TẬP ĐẠI SỐ TUYẾN TÍNH
	MỤC LỤC
	0. SƠ LƯỢC VỀ KHÁI NIỆM NHÓM, VÀNH, TRƯỜNG
	1. ĐỊNH THỨC
	2. KHÔNG GIAN VECTƠ
	3. HỆ PHƯƠNG TRÌNH TUYẾN TÍNH
	4. ÁNH XẠ TUYẾN TÍNH
	5. MA TRẬN
	6. DẠNG SONG TUYẾN TÍNH, DẠNG TOÀN PHƯƠNG



